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Abstract 

In the present paper we prove a strong form of Arnold diffusion. Let be 
the two torus and be the unit bah around the origin in M^. Fix p > 0. Our 
main result says that for a "generic" time-periodic perturbation of an integrable 
system of two degrees of freedom 

Ho{p)+eHi{e,p,t), 0£T^, p£B^, t£T = R/Z, 

with a strictly convex Hq, there exists a p-dense orbit {9^,p^,t)(t) in T'^xB'^x T, 
namely, a p-neighborhood of the orbit contains T'^ x i?^ x T. 

Our proof is a combination of geometric and variational methods. The 
fundamental elements of the construction are usage of crumpled normally hy- 
perbolic invariant cylinders from [13], flower and simple normally hyperbolic 
invariant manifolds from ^47j as well as their kissing property at a strong double 
resonance. This allows us to build a "connected" net of 3-dimensional normally 
hyperbolic invariant manifolds. To construct diffusing orbits along this net we 
employ a version of Mather variational method j54l| equipped with weak KAM 
theory [3l], proposed by Bernard in 
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1 Introduction 



The famous question called the ergodic hypothesis, formulated by Maxwell and Boltz- 
mann, suggests that for a typical Hamiltonian on a typical energy surface all, but a 
set of zero measure of initial conditions, have trajectories dense in this energy surface. 
However, KAM theory showed that for an open set of nearly integrable systems there 
is a set of initial conditions of positive measure with almost periodic trajectories. This 
disproved the ergodic hypothesis and forced to reconsider the problem. 

A quasi-ergodic hypothesis, proposed by Ehrenfest p3] and Birkhoff [IT] , asks if a 
typical Hamiltonian on a typical energy surface has a dense orbit. A definite answer 
whether this statement is true or not is still far out of reach of modern dynamics. 
There was an attempt to prove this statement by E. Fermi [36] , which failed (see [37] 
for a more detailed account). To simplify the problem, Arnold [S] asks: 

Does there exist a real instability in many- dimensional problems of perturbation 
theory when the invariant tori do not divide the phase space? 

For nearly integrable systems of one and a half and two degrees of freedom the 
invariant tori do divide the phase space and an energy surface respectively. This 
implies that instability do not occur. We solve a weaker version of this question 
for systems with two and a half and 3 degrees of freedom. This corresponds to 
time-periodic perturbations of integrable systems with two degrees of freedom and 
autonomous perturbations of integrable systems with three degrees of freedom. 

1.1 Statement of the result 

Let {6,p) G X i?^ be the phase space of an integrable Hamiltonian system Ho{p) 
with being 2-dimensional torus = M^/Z^ 3 6 = {61,62) and B"^ being the unit 
ball around in M^, p = {pi,p2) G B^- Assume that Ho is strictly convex, i.e. Hessian 
dp.p.HQ is strictly positive definite. 

Consider a smooth time periodic perturbation 

H,{6,p,t) = Ho{p) + eHi{6,p,t), teT = R/T. 

We study a strong form of Arnold diffusion for this system, namely, 

existence of orbits {{6e,Pe){t)}t going from one open set p^{0) eU to another 

Pe(t) G U' for some t = t^ > 0. 

Arnold [3] proved existence of such orbits for an example and conjectured that they 
exist for a typical perturbation (see e.g. [H El [7]). 

Integer relations k ■ {dpHo, 1) = with k = {ki, ko) G (Z^ \ 0) x Z and ■ being 
the inner product define a resonant segment. The condition that the Hessian of Hq is 
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non-degenerate implies that dpHo : — y is a diffeomorphism and each resonant 
hne defines a smooth curve embedded into action space 

T^ = {peB^: k-{dpHoA) = 0}. 

— * — # 

If curves and F^, are given by two hnearly independent resonances vectors {k, k'}, 
they either have no intersection or intersect at a single point in B^. 

We call a vector k = {ki, ko) = kf, ko) G (Z^ \ 0) x Z and the corresponding 
resonance F = Fg space irreducible if either (fcj, kf) = (1, 0) or (0, 1) or gcd{k^) = 1, 
i.e. I A;} I and \kl\ are relatively prime. 

Consider now two open sets U,U' C B^. Select a finite collection of space irre- 
ducible resonant segments {Tj = F^^}^^ for some collection of {kj}jL^ 

• with neighbors kj and kj^i being linearly independent, 

• Tj n Fj+i 7^ for j = 1, . . . , — 1 and so that 

• Fi n t/ 7^ and F;v n f/' ^ 0- 

We would like to construct diffusing orbits along a connected path formed by 
segments inside Fj's, i.e. we select a connected piecewise smooth curve F* C U^^Fj 
so that F* n f/ ^ and F* n f/' 7^ (see Figure |2|. 

Consider the space of C"^ perturbations C^(T^ x B"^ x T) with a natural norm 
given by maximum of all partial derivatives of order up to r, here r < +oo. Denote 
by 5^' = {Hi e C"-(T2 X B^ xT) : \\Hi\\cr = 1} the unit sphere in this space. 

Theorem 1. In the above notations fix the piecewise smooth segment T* and 4 < r < 
+00. Then there is an open and dense set U = Ur* C and a nonnegative function 
£o = ^oiHi) with eo\u > 0. Let V = {eHi : Hi eU, < e < Sq], then for an open 
and dense set of tHi G W C V the Hamiltonian system H^ = Hq + eHi has an orbit 
{{OejPt){t)}t whose action component satisfies 

Pe{0) G U, p^{t) G U' for some t = t^ > 

Moreover, for all < t < the action component Pe{t) stays 0{^/t)-close to the 
union of resonances F* . 

Remark 1.1. The open and dense set of perturbation U G will be defined by three 
sets of non- degeneracy conditions. 



In section 2.2, conditions [G0j-[G2j defines the quantitative non- degeneracy con- 
dition for A > 0. The set of \~ non- degenerate perturbations Ugj^ is open, and 
the union UA>o^5i? open and dense. 
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Each A > determines a finite set of double resonances on T* . For each double 
resonance Pq, we define two sets of non- degeneracy conditions. 



In section 3.2, conditions [DRlJ-[DR3j defines the non-degeneracy at a dou- 
ble resonance Pq away from singularities, the non- degenerate setU^j^lpo) is open 
and dense. 



In section 3.4. conditions [A0j-[A4j defines the non- degeneracy at double 
resonances po near singularities. The non-degenerate se^ W^^**(po) is open and 
dense. 

We have 

w = U uIr n ( n wfii(po) n uE'jl'ipo 

A>0 \ PO 

where Pq ranges over all double resonances. This set is clearly open and dense. 

For any Hi E U we prove that the Hamiltonian Hq + eHi has a connected 
collection of 3-dimensional normally hyperbolic (weakly) invariant manifolds in the 
phase space T"^ x xT which "shadow" a collection of segments T* connecting U and 
U' in the sense that the natural projection of these manifolds onto is 0{y/6)-close 
to each point in T*. Note that Marco [19| [50] announced a similar result. 

Once this structure established we impose further non-degeneracy condition W C 
V. For each eHi G W we prove existence of orbits diffusing along this collection of 
invariant manifolds. Our proof relies on Mather variational method [M] equipped 
with weak KAM theory of Fathi [31]. The crucial element is Bernard's notion of 



forcing relation (see section 5.2 for more details) 



Notice that the notion of genericity we use is not standard. We show that in a 
neighborhood of perturbations of Hq the set of good directions U is open dense in 
S^. Around each exceptional (nowhere dense) direction we remove a cusp and call 
the complement V. For this set of perturbations we establish connected collection 
of invariant manifolds. Then in the complement to some exceptional perturbations 
W we show that there are diffusing orbits "shadowing" these cylinders. Mather calls 
such a set of perturbations cusp residual. See Figure [1} 

1. Autonomous version 

Let n = 3, p = {pi,P2,P3) £ B^, and Hq{p) be a strictly convex Hamiltonian. 
Consider the region dp^HQ > p > for some p > and two open sets U and U' 
in this region. Then for a generic (autonomous) perturbation Ho{p) -\- eHi{6,p) 
there is an orbit {9e,Pe)it) whose action component connects U with U', namely, 
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CamplemEnt to red CDmplEiriEnt to cusps is V. 

points on S'' is U. W is opEn dense in V. 

Figure 1: Description of generic perturbations 




Figure 2: Resonant net 



Pe{0) G U and Pe{t) G U' for some t = te- This can be proved using energy 
reduction to time periodic system of two and a half degrees of freedom (see e.g. 
P Section 45]). 

2. Generic instability of resonant totally elliptic points 

In IH] stability of resonant totally elliptic fixed points of symplectic maps in 
dimension 4 is studied. It is shown that generically a convex, resonant, totally 
elliptic point of a symplectic map is Lyapunov unstable. 

3. Relation with Mather's approach 

Theorem [T] was announced by Mather [HH]- Some parts are the proof of written 
in [S7|. Our approach is quite different from the one initiated in these two 
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manuscripts. Here we summarize the differences: 



We start by constructing a net of normally hyperbolic invariant cylinders 
"over" resonant segments F*. 

We prove that certain variationally defined invariant (Aubry) sets belongs 
these cylinders. 

We show that these sets have the same structure as Aubry-Mather sets for 
twists maps. 

In a single resonance, mainly done in ^13], the fact that these invariant sets 
belong to invariant cylinders allows us to adapt techniques from P ESj [21] . 
Namely, we apply variational techniques for proving existence of Arnold 



diffusion for a priori unstable systems (see section 9.8 for more details). 

One important obstacle is the problem of regularity of barrier functions 
(see section |9]), which outside of the realm of twist maps is difficult to 
overcome. It is our understanding that Mather ^62j| handles this problem 
without proving existence of invariant cylinders. 

In a double resonance we also construct normally hyperbolic invariant 
cylinders. This leads to a fairly simple and explicit structure of mini- 
mal orbits near a double resonance. In particular, in order to switch from 



one resonance to another we need only one jump (see section [3.5 for an 



heuristic explanation and Key Theorem 10 for the precise claim). 

• It is our understanding that Mather's approach [62] requires an implicitly 
defined number of jumps. His approach resembles his proof of existence of 
diffusing orbits for twist maps inside a Birkhoff region of instability [55] . 

4. Convexity of Hq on an open set 

Suppose Hq{p) is strictly convex on an open set 

Conv = {p E : Hessian dp_p.Ho{p) is strictly positive definite}. 

Then for any connected component Conv' C Conv Theorem [T] applies. More 
exactly, for any pair of open sets U, U' C Conv' fix a smooth segment F* C 
Conv' and r > 4. Then there is an open and dense set U = Ur* C and a 
nonnegative function Eq = eo{Hi) with eo\u > 0. Let V = {eHi : Hi eU, < 
e < Eq}, then for an open and dense set of eHi G V the Hamiltonian system 
= Hq + eHi has an orbit {{9e,Pe){t)}t whose action component satisfies 
Pe{0) G U, pe{t) G U' for some t = t^> 0. 
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Notice that Theorem [T] guarantees that this orbit {(6'e,Pe)(^)}t has action com- 
ponent 0{^/e) close to T*. This is a convexity region for Hq. Therefore, one can 
extend Hq to another Hamiltonian Hq, which is convex outside of Conv. Then 
apply Theorem [T] and notice that under the condition that action component 
p G Conv orbits of Hq + eHi and Hq + eHi coincide. 

5. Non-convex Hamiltonians 

In the Hamiltonian Hq is non-convex for all p & B'^, for example, Hq{p) = p\—p\., 
the problem of Arnold diffusion is wide open. With our approach it is closely 
related to another deep open problem of extending Mather theory and weak 
KAM theory beyond convex Hamiltonians. 

6. The Main Result 

One interesting application of Theorem [T] is the following Theorem, which is 
our main result. 

Theorem 2. For any p > and any r > 4 there is an open and dense set 
U = Up G and a nonnegative function Eq = eQ{Hi, p) with EqIu > 0. Let V = 
{eHi : Hi gU, < e < Eq}, then for an open and dense set of eHi e W C V 
the Hamiltonian system H^ = Hq + eHi has a p-dense orbit {{0^,p^,t)(t)}t in 
X 5^ X T, namely, its p-neighborhood contains x B'^ x T. 

Remark 1.2. To prove this theorem one needs to take a finite set of resonant 
lines {Tj = j^^^^ so that T* = U^LiTj is p/3-dense in the action domain B^ . 
Moreover, unperturbed resonant orbits for each p G F* have angular components 
9(t) = 9{0) + tp ( mod 1) that are p/3-dense in T^. Since p = 0{e) and by 
Theorem^ for diffusing orbits action Peif) is 0{^/e)-close to V* , we have p- 
density of {ee,Pe,t){t) m x B^ x T. 

As the number of resonant lines N increases, the size of admissible perturbation 
EqIHi, p) goes to zero. Examples of Hamiltonians having orbits accumulating to 
"large" sets and shadow infinitely many resonant lines are proposed in fJSj \4^ . 

The proof of the main Theorem naturally divides into two major parts: 

• I Geometric: construct a connected net of normally hyperbolic invariant man- 
ifolds (NHIMs) along the selected resonant lines F*. 

• II Variational: construct orbits diffusing along this net. 

The idea to construct a connected net of NHIMs appeared in Kaloshin-Zhang- 
Zheng |l6]. |16] describes the construction of an example of a C°°-Hamiltonian H 
in a small C -neig hborhood > 2 of Ho{p) = l\\pf such that, on H-^{l/2), the 
Hamiltonian flow of H has an orbit dense in a set of positive measure. 
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2 Preliminary splitting of the proof of Theorem |T] 
into ten Key Theorems 

It turns out that for action p near the diffusion path T* there are two types of 
quahtative behavior. We start presenting our strategy of the proof by dividing F* into 
two parts: single and (strong) double resonances. Once we make this decomposition 
we impose three sets of non-degeneracy conditions a perturbation eHi. 



The first set is given in section 2.2, conditions [G0]-[G2] and leads to generic 
existence of certain (crumpled) normally hyperbolic invariant cylinders near single 
resonances. 

It turns out that near double resonances there are also two types of qualitative 
behavior: away from singularity (high energy) and near singularity (low energy). 



For high energy in section 3.2 we impose conditions [DR1]-[DR3] and also exhibit 
existence of certain normally hyperbolic invariant cylinders. Then for low energy in 
section 3.4 we define conditions [A0]-[A4] and describes more sophisticated normally 
hyperbolic invariant manifolds. 

These three sets of conditions lead to a definition of the set U <Z and reveals 
a connected net of normally hyperbolic invariant manifolds. Once existence of these 
invariant manifolds is established we prove existence of orbits diffusing along them 
under additional non-degeneracy conditions. More precisely, we divide the proof of 
the main result into 10 (Key) Theorems. 

— The first three establish existence of normally hyperbolic invariant manifolds 
in each regime. 

— The next four shows that carefully chosen family of invariant (Aubry) sets 
belongs to these manifolds and satisfy a certain (Mather's projected) graph property. 
To some extent, these invariant sets are like Aubry-Mather sets for twist maps. 

— The last three shows that there are orbits diffusing along these family of Aubry 
sets, provided additional non-degeneracy hypothesis are satisfied. 

Theorems involved into this scheme are called Key Theorems. The body of the 
proof contains other claims, including Lemmas, Propositions, and Theorems, used to 
prove Key Theorems. 



2.1 Decomposition of the diffusion path into single and dou- 
ble resonances. 

Diffusion in Theorem [T] takes place along F*. The first important step is to decompose 
F* into two sets. This decomposition corresponds to two type of qualitative dynamic 
behavior. To do this division we need to start with the unperturbed dynamics: 

e = dj,Hoip), p = o. 
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Fix a large integer K independent of e and to be specified later. For each action p eT* 
it belongs to one of resonant segments, i.e. p G = for some j = 1, . . . ,N. For 

p G Tj define a slow angle 6j = kj ■ {6, t). We say that for p G F* we have 

1. K-single resonance if there is exactly one slow angle 6^ and all others are not: 
k ■ (dpHoip), 1) = k- {e,i) ^0 for each G (Z^ \ 0) x Z with \k\<K. 

2. K-(strong) double resonance if there is exactly twc|^ slow angle Of = k ■ {0,t) 
and e'^ = k' ■ {9, t) with fc, k' G (Z^ \ 0) x Z with \k\, \k'\ < K. 

We omit dependence on K for brevity. 

Fix j G {!,..., A^}, the corresponding resonance vector kj G (Z^ \ 0) x Z, and the 
resonant segment Tj = F^ fl F*. For other j's the decomposition procedure is the 

same. Let 9^ = kj ■ (9, t) be the slow angle as above. In defining a fast angle there is 
some freedom. Let k' = {kj, k'^) j]' kj and chosen so that 



detS = l, B 



kj 
^1 



with kj being the Z^-component of kj and kj, kj viewed as row vectors^ 

The coordinate change can be completed to a symplectic one by considering the 
extended phase space {9, t,p, E). Define p' = {p^,p^) and E' by the relation satisfying 
p = B^p' and E = {ko, kg) ■ p' + E', (see section pi), then 



Lj:{9,t,p,E)^{9'^,9f,t,p',E') 

is symplectic. By a direct calculation, we have the {9,t,p) components of Lj^ is 
independent of E, so we can treat Lj^ as a map from [9^ ,9^ ,t,p') to {9,t,p). 

Due to non- degeneracy of the Hessian of Hq we can use p^ as a smooth parametriza- 



tion of Tj, i.e. 



where values a:^j„ and ai^ax correspond to the end points of Tj. It is natural to define 
the averaged potential 

Zj{9',p) = j j HioL-\9',p',9f,pf,t) d9f dt. (1) 

When there is no confusion we omit dependence on j to keep notations simpler. 

"'^ Since i — 1 and fco 7^ there can't be three slow angles. 
^Choice of k'^ is not unique 
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2.2 Genericity conditions at single resonances 

Call a value on F regular if Z{6'^ ,pl{p^)) has a unique non-degenerate global 
maximum on T** = T 9 at some 9^ = O^ij)^). We say the maximum is non- 
degenerate if the Hessian of Z with respect to 9'^ is strictly negative definite. 

Call a value p^ on Vj bifurcation if Z{9'^ ,pl{p-f)) has exactly two global non- 
degenerate maxima on 3 9^ at some 9{ = 9l{pf) and 6'| = If is a 
bifurcation, due to non-degeneracy both maxima can be locally extended (see Fig- 
ure [s]). We assume that the values at these maxima moves with different speed with 
respect to the parameter p^ . Otherwise, the bifurcation value is called degenerate. 
Denote amin < o,max the end points of F parametrized by p-^. 

Generic conditions [G0]-[G2] that are introduced below and define lA d Sr are 
similar to the conditions [C1]-[C3] given by Mather [56]. These conditions can be 
defined as follows: 

Each value p^ G [amin, CLmax] is either regular or bifurcation. Note that the non- 
degeneracy condition implies that there are at most finitely many bifurcation points. 
Let oi < ■ ■ ■ < Qs-i be the set of bifurcation points in the interval {amin, dmax), and 
consider the partition of the interval [amm,o.max] by {[oj, aj+i]}^~Q. Here we give an 
explicit quantitative version of the above condition. Let A > be a parameter. 

[GO] There are smooth functions 9f : [a.j — A, Oj+i + A] — ¥ T, i = 0, ■ ■ ■ , s — 1 (see 
Figure [s]), such that for each p^ G — A, Oj+i + A], 9l{pf) is a local maximum 
of Z{9^ ,pl{p^)) satisfying 

\I<~dl,sZ{9lp)<I, 

where / is the identity matrix and the inequality is in the sense of quadratic 
forms. 

[Gl] For p^ G (oj, Oj+i), 91 is the unique maximum for Z. For p^ = Oj+i, 9^ and 9^^-^ 
are the only maxima. 

[G2] At p^ = Oj+i the maximum values of Z have different derivatives with respect 
to p^ , i.e. 

^Zi9tia,,^,),plipf)) ^ -^Zi9lM+^),plipf)). 

The conditions at single resonances is that [G0]-[G2] are satisfied for some A > 0. 
Now we are ready to present 

the decomposition into single and (strong) double resonances. 
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Ap' 




Figure 3: Bifurcations 

Following [13] we determine small positive S = S{Hq, X,r, T*) < A as well as large 
positive C = C{Hq, r, T*) and E = E{Hq, A, F*). Let K be a positive integer satisfying 
K > C54/('-3) (cf. Remark 3.1 [13]) and such that every F^ n F^+i, j = 1, . . . , _ i 
can be represented as a double resonance. Define \k\ as the sum of absolute values of 
components. Denote 

EK = {peTnB : 3k' = {k[, k'^) e [I? \ 0) X z, 

k'}^k, \k[l%\<K, k' ■{dpHo,l) = Q}. 

Call the elements of T^k C F punctures or strong double resonances. Exclude a 
neighborhood of each puncture from F. Let UE^iX'K) denote the ^a/^- neighborhood 
of S^, then T j\UE^iX'K) is a collection of disjoint segments. Each of these segments 
is called a passage segment. By definition crossings of Fj-flFj+i for each j = 1, . . . , N — 
1 are (strong) double resonances. In what follows we often omit "strong" for brevity. 

Recall that S"^ is the unit sphere of C""-functions. Let denote the set of 
functions in S"^ such that the conditions [G0]-[G2] are satisfied. Let Usr = Ua>o^S-R- 

Theorem 3. EachUgj^ is a C^—open, andUsR is C^—open and C^— dense in . 

Remark 2.1. We will impose two more sets of non- degeneracy hypothesis at double 
resonances. The parameter K , and hence the designation of double resonances de- 
pends on A. Formally, for each A > 0, our hypothesis at double resonance determines 
an open dense subset ofUgj^, andU = IJ^^^qW'^ is open dense by Theorem^ 

It turns out that the analysis of single and double resonances is drastically different 
and requires different tools. 
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Before we sink into description of steps of the proof we formally divide it into 
ten key Theorems. This allows us to partition the proof into smaller (non-equal) 
parts. We first state these Theorems and derive the Main Theorem. Only after that 
we proceed with proofs of themj^ We summarize this discussion in the following 
diagram: 



Theorem [T] 



3 a net of NHIMs + 3 Shadowing of Invar. Sets in 

3 a net of NHIMs {Mi}i 



Key Theorem [T] + Key Theorem |2] + Key Theorem [3] 



(2) 



3 Shadowing of Invariant Sets in {A^j}j 
t 

Localization of invar, sets + "Transverse" intersection of invar, 
{^jfc} inside manifolds of neighbor invar, sets 

Localization and graph property of invar, sets {v4jfc} inside 



Key Theorems |4] + [5] 



+ 



Key Theorems [6] + [7] 



(3) 



■'Transverse" intersection of invariant manifolds of neighbors {^ifc} 

it 



Key Theorem [8] + Key Theorem |9] + Key Theorem 10 



(4) 



1. Existence of a net normally hyperbolic invariant manifolds. 

(a) Key Theorem [l] establishes existence of crumpled normally hyperbolic in- 
variant cylinders near each connected component of F \ [/^^(Si^-). These 



■^We reserve the name a "Key Theorem" to refer to the global scheme of the proof summarized 
here. To prove these Key Theorems we shall prove lemmas, propositions, and "local" Theorems. 
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cylinders are crumpled in the sense that in the original phase space x 
B"^ X T they are represented by certain three dimensional graphs 



with 



dQ 



dp* 



< 1 



K,P*,t) G T X [a_,a+] x T} C x fi^ x T 
e. See Section 



7.1 



and Figure 



for details. It turns out 



dp* 



that asymptotically in e this estimate is optimal, i.e. sup 
(see Remark fLl\ for details). 

(b) Key Theorem[2]establishes existence of normally hyperbolic invariant cylin- 
ders near double resonances at high energy or away from singularity. En- 
ergy at double resonance is energy of the corresponding slow mechanical 
system defined in Appendix [B| Lemma B.3[ 

(c) Key Theorem |3] establishes existence of variety of normally hyperbolic in- 
variant manifolds near strong double resonances at low (near critical) en- 
ergy. 

2. Localization of invariant (Aubry) sets inside of invariant manifolds. 

One of fundamental discoveries in Mather theory and weak KAM is a large class 
of invariant sets often called Mather, Aubry, Mane sets. These sets are crucial 
for our construction. It turns out that these sets are naturally parametrized by 
cohomologies c G if^(T^,]R) and usually denoted by J^{c),A{c),Af{c) respec- 
tively. They belong to the phase space x x T and satisfy 

M{c) cA{c) cAf{c). 

For example, these families of sets contain KAM tori as subclass. In our case 
the parameter c encodes the information about rotation vector of orbits in Af{c). 
More precisely, if {6,p,t) G A/'(c), then 



|p — c| < \/e and 



Key Theorem |4] proves that for carefully chosen c's invariant (Aubry) sets 
^(c)'s belong to the corresponding normally hyperbolic invariant cylinders 
{J^i]i in single resonance. Theorem [s] proves that these sets also have 
Mather's projected graph property. Namely, projection of each Aubry set 
onto the configuration space is one-to-one with Lipschitz inverse. This 
essentially means that these invariant sets are alike Aubry-Mather sets for 
the twist maps. 
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Figure 4: Jump from one cylinder to another in the same homology 




Figure 5: Jump from one cylinder to another in different homologies 

(b) Key Theorem [6] similarly to Key Theorem |4] proves that for carefully cho- 
sen c's the corresponding invariant (Aubry) sets ^(c)'s belong to the corre- 
sponding normally hyperbolic]^ invariant manifolds {Cj}j in a double reso- 
nance. Key Theorem [7] proves that these sets also have Mather's projected 
graph property, described above. 

3. "Transverse" intersection of invariant manifolds of neighboring invariant Aubry 
sets to produce shadowing 

(a) Key Theorem |8] consists of two parts. First, it proves existence of shad- 
owing along crumpled normally hyperbolic invariant cylinders along single 
resonances. This part essentially follows from Theorem 0.11 [9]. It can 

^As a matter of fact there manifolds have a boundary and have only weak invariance, namely, 
the vector field is tangent 
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also be proven using the method from [231. El] ■ Both methods are inspired 
by the papers of Mather [531 IMl EG] . The second part estabhshes existence 
of an orbit "jumping" from one cyhnder to another at bifurcation points. 

Key Theorem [9] proves similar statement to the previous one for double res- 
onances. In particular, for certain (simple) homology directions we prove 
existence of orbits crossing the double resonance (see curves crossing the 
origin on Figures 12 and 17 for an heuristic description). 

Key Theorem 10 proves existence of an orbit "jumping" from one cylinder 
to another. This allows to change from one resonant line to another. This 
is a crucial element of crossing a strong double resonance. 
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Figure 6: Partition 



3 Theorems on existence of normally hyperbolic 
invariant manifolds 

Consider the natural projection vr : x i?^ x T — y B^. A net of normally hyperbolic 
invariant manifolds has the following meaning. We divide T* into F^'s and each 
T j into two parts: ^-y/e-neighborhoods of all strong double resonances and -E-y/e- 
neighborhood of the complement, i.e 

Uf=i f/^^(S^,,) Ujr/ f/^^(F,UF,+i), 

where T,K,j are defined above punctures in Vj. The complement is called single reso- 
nance. 



3.1 Description of single resonances 

Fix some j G {1, . . . , A^}. Consider a passage segment of a single resonance 

segment Fj which by definition is an interval whose end point is either Ey/e near 
a puncture or an end point of Fj. Let {a^p^fi^ C [a'l\ a^f^] be an ordered set of 
bifurcation points with = a^^ and aj^j = a^^ being the end points and all others 

being bifurcation points ^ This leads to a partition [a^\ a^"*] = U*£o['^i"'\ c^l+i] C Fj 
(see Figure |6]). 

Recall that in non-degeneracy conditions [G0]-[G2] there is a parameter A, which 
has two different meanings. One is quantitative non-degeneracy of local maxima of 
averaged potential Z{9^.,p) and the other is extendability of local minima beyond 
bifurcation points [a^ — A, aj+i + A]. It is convenient to assign this dependence to 
different parameters. We denote by 5 a new (extendability) parameter < 5 < A. For 
5 = S{Hq, Hi, r, F*) > in Theorem 4.1, [13] we prove that "over" each non-boundary 



does depend on j, but dependence is omitted to keep notations simple 
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Figure 7: Crumpled Cylinders 



segment [a^p — 5, a^^^ + 5] C Tj there is a 3-dimensional normally hyperbolic (weakly) 
invariant cylinder c[^\ For the boundary segments [og"''', af^ + S\ and [o^m-i ~ ^i ^m] 



the corresponding result is Theorem 15 Meaning of "over" is that its projection onto 
the action space satisfies 

dist (vr(C?^[ap'^-5,aSJi + 5])< Vi, 

where dist is the Hausdorff distance. The same statement holds for boundary seg- 
ments [a[/'', of'' + 5\ and [a^f-i '^m]- Here [a^^ ci^+i\ is viewed as the corresponding 
subset of Tj using parametrization by . Our main result about existence and loca- 
tion of normally hyperbolic invariant cylinders near a single resonance is as follows: 

Denote by [aL, either a non-boundary segment [a^p —6^ 0^+1+^], « G {1, . . . , M— 
1} or one of boundary segments [a^ — Si/e, + 5\ and [(i'm_i — 5, ajv/ + Si/e]. We 
use O(-) to denote a constant independent of e, A,5, r, but dependent of Ho,Hi,Tj, 
i.e. f = 0{g) means |/| < Cg. Consider the Hamiltonian in the normal form 

if, o = Hoip) + eZ{e\p) + eR{e,p,t), 

where ||-R||c2 < 5 in the region of interest, i.e. p being 0{y/e)-c\ose to {pl{p^),p^) 
with p^ G [a^,a!,_] (see notations before ([T]) and in section [?]). 

Key Theorem 1. With the above notations for 5 and e positive and small enough 
e > there exists a map 

{Q\P'){e^,pf,t) : T X [ai,ay x T — >TxR 
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such that the cylinder 



{e^,t) G T X T} 



is weakly invariant with respect to in the sense that the Hamiltonian vector field 
is tangent to c'^p . The cylinder c\^'^ is contained in the set 



(i) 



{(e,p,t): p^GK,aV], W-dl{pf)\\^0{\).^ 



and it contains all the full orbits of Hfr contained in 
estimates 

\\Q]{ef,pf,t)-ei{pf)\\^o{\-'5) 



|/||<0(A^/^v^)}, 
We have the following 



QQs 



dpf 



< O 



d{ef,t) 



<o(\-'>/'V6 



Notice that the segment [a!_,a!,_] can have end points of three types: a!|_ corre- 
sponds to the boundary of B^, a bifurcation point, and belongs to the ^A/e-boundary 
of a (strong) double resonance. This theorem for segments whose boundaries do not 
end at a double resonance is a simplified version of Theorem 4.1 |13]. For a bound- 



ary point on ending at a (strong) double resonances follows from Theorem 15 This 
Theorem is an extension of Theorem 4.1 [13] and its proof is a modification of the 
proof of the latter Theorem. It turns out that Theorem 4.1 shows existence of a 
normally hyperbolic weakly invariant cylinder only 0(e^/^)-away from a strong double 
resonance. Theorem 15 extends it validity into 0(y^)-neighborhood. 

Remark 3.1. The estimates on and provides important information about the 
geometry of the cylinder . 

The first estimate shows that the Q^- component (i.e. slow angular component) is 
localized 0{\^^5)-near the global maximum 9^. 

The second estimate provides localization of P'^ near the origin. 

The third and forth estimates show how depends on p^ and angular variables 
{9^ ,t). In Remark 1.1 we justify that generically 0{y/e)-near double resonances Tj fl 
r^, of a fixed order, e.g. \k'\ E [K,2K], we have 



max 



dpf 



> 



^ Notice that there are orbits exiting from V-^'^ through the "top" or "bottom" — a]^. This 
prevents up from saying that C- is invariant. 
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where > means that for some constant depending on 6, X,r, Hq, Hi,Tj, \k'\, but inde- 
pendent of e. 

This explosion of the upper bound exhibits sensitive dependence on "vertical" 
variable p^ and is the reason we call there cylinders crumpled (see Figure^. An 

upper bound on ——r will be essentially used in the proof of Mather's projected graph 
apt 

theorem (Key Theorem^. 

Dependence on angular {6^ ^t) -variables is 0{\~^^'^5) -small. 

In what follows we choose 6 and e small enough compare to A. See Theorem 4-i, 



fT3f and Theorem 15 for explicit bounds 



This result shows that normally hyperbolic invariant manifolds connect to E^- 
neighborhood of strong double resonances. 

3.2 Description of double resonances and generic properties 
at high energy 

Now we describe an heuristic picture of the E'-^i'-neighborhood of a strong double 
resonance po, i-e. Po either belongs to a puncture on Fj or to an intersection Fj flFj+i 
for some j G {l,...,iV — 1}. We note that examples of systems near a double 
resonance were studied in [16], SHI HSl |16] . 

We fix two independent resonant lines F = F^, F' = F^, for some k = {ki, k^), k' = 
{k'^jk'o) G (Z^ \ 0) X Tj, k )^ k' with < K and a strong double resonance 

Po £ r n F' C -B^. This means 

h ■ (dpHoipo), 1) = , k[- (dpHoipo), 1) = 0. 

Assume that k and k' are space irreducible, i.e. ki (resp. k[) is either (1,0) or (0, 1), 
or gcd(A;i) = 1 (resp. gcd(fc^) = 1). Let F be an incoming line, i.e. orbits diffuse 



toward po along this one (see Figure 12 with F^ = F and F^+i = F'). Then we define 
slow angles 



if'' = ki-e + kot , ip'f = k[ ■ e + k'^t. 



For p G F n — Poll = E^/e} (see boundary of the ball on Figure 12 



crossmg 



F) we have ^''■^ ^ 0**. This motivates division into sf — slow-fast and ss — slow- 



slow. Denote the torus 9 y?* = (</?*'', y^**-^). In section B.l, we show that in 



ii^-y/e-neighborhood of po, we have the following the normal form 

H,o(!>{9,p,t) = Ho{p) + eZ{h-0 + kot,k[-9 + k'ot,p) + e"^R{d, p, t) , 
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where Z{ki ■ 6 + kQt,k[ ■ 6 + k'^ t, p) is a proper average of Hi. In section B.2 we make 
a linear symplectic coordinate change $l by taking 



= B^{p — Po), where B 



k[ 



and det B 



Since k and k' are irreducible this can be done. After the coordinate changes we have 
i/, o$o$i((^^/,t,E') = const +K{p')-eU{ip') + 0{e^/'^), (5) 

where 

• K{j)^) is a positive definite quadratic form, depending on the Hessian of Hq at 
Po, 

• U{ip'^) is a function, depending on a proper average of Hi, and const is a constant 
independent of ip^ and p*. 

We call K — the slow kinetic energy and U — the slow potential energy. They are 



formally defined in (54). Without loss of generality assume that U{lp^) > 0, U{0) = 



and is the only global minimum (see condition [Al]). Denote P = ^p^ and call 

H\l\^^)=K{r)-V{^^) 

the slow mechanical syster^ Its energy is called slow energy. In-depth study of this 
system is the jocal point of analysis at a strong double resonance. Denote by 

SE = {{}p\r): H^ = E} 

an energy surface of the mechanical system. According to the Mapertuis principle 
for a positive "non-critical" energy E > U{0) = orbits of H^ restricted to iS^; are 
reparametrized geodesies of the Jacobi metric 

gEi^n = ^iE + U{^')) K. (6) 

Fix an integer homology class h G ifi(T'^,Z). Denote by •yj^ a shortest closed 
geodesic oi gE- Here is the first set of non-degeneracy hypothesis. It concerns with 
what we call high slow energy. This set of genericity hypothesis is the same as in [53] . 
Later, however, we impose additional hypothesis for low energy and they are different 
from [SB] . 

Let Eq = Eq{Hq, Hi) > be small and specified later. 



^Its orbits are time rescaling of orbits of truncation of (|5| 
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[DRl] For each E G [Eo,E], each shortest closed geodesic 7^ of qe in the homology 
class h is non-degenerate in the sense of Morse, i.e. the corresponding periodic 
orbit is hyperbolic. 

[DR2] For each E > Eq, there are at most two shortest closed geodesies of qe in the 
homology class h. 

Let E* > Eq be such that there are two shortest geodesies 7^* and 7^ * of pE* in 
the homology class h. Due to non-degeneracy [DRl] there is a local continuation 
of 7^'* and 7^* to locally shortest geodesies 7^ and 7^ for E near E* . For a 
smooth closed curve 7 denote by d-Ei.!) its gf^i-length. 

[DR3] Suppose 

This means that the (^g-lengths of periodic orbits 7^ and 7^ as function of E 
have different derivatives at ii^ = ii^*. As a corollary we have only finitely many 
i?'s with two shortest geodesies. 

Theorem 4. Let K{p^) be a positive definite quadratic form. Then the set U^p, of 
functions Hi G such that for the corresponding averaged potential U {(f^) the slow 
mechanical system H'^{(f'^ ,p'^) = K{p'^) — U{(f^) satisfies conditions [DR1]-[DR3] is 
C^-open and C^-dense, where r > 4. 

Consider a partition of energy interval [i?o,-E], which is similar to the partition 
of a single resonance line (see Figure ??). It follows from condition [DR3] that there 
are only finitely many values {Ej}^^^ C [Eq, £"], where there are exactly two minimal 
geodesies 7I' and 7^ . Call such £"s bifurcation energy values. Other energy value are 
called regular. Order bifurcation values: 

Eq < El < E2 < ■ ■ ■ < E]\[ < E . 

Recall that we denote 5 = 6{Hq, Hi,r,r*) > a small number. In particular, it is 
chosen such that for any j = 1, . . . , N — 1 and E G [Ej, -Ej+i] the unique shortest 
geodesic has a unique smooth local continuation 7^ for E G [Ej — 6, -Ej+i + S] . 
Consider the union 

For the boundary intervals we take union over [Eq, Ei + S\ and [E]^ — 5, E + 5\. It 
follows from Morse non-degeneracy of 7I' that A^^^''^^^^ is a NHIC with the boundary. 
We will see in Corollary B.5 that a rescaling of ([s]) C^— converges to iJ* as Hamil- 



tonian vector fields. Using standard persistence of normally hyperbolic invariant 
cylinders, we obtain the following statement. 
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Key Theorem 2. For each j = 1, . . . ,N and small e > the Hamiltonian has a 
normally hyperbolic weakly invariant manifold M.^^^ ^"^^ i.e. the Hamiltonian vector 

EE 

field of is tangent to Ai^e- Moreover, the intersection of M.j^^^ with the regions 

{Ej -6 <H' < Ej+i + 6} xT IS a graph over M^''^'^' . 

The same holds for the boundary intervals [Eq, Ei + 6] and [En — S, E + S]. 

Construction of normally hyperbolic weakly invariant manifolds in the high energy 
region E G {Eq, E) is somewhat similar to the one in single resonance. All such invari- 
ant manifolds after projection onto action space are located in 0(y^)-neighborhood 
of Pq. 



3.3 Description of double resonances (low energy) 

Now we turn to the low (near critical) energy region Ueq^{pq)- The slow mechan- 
ical system = K — U has at least two special resonant lines and r| such 
that "over" each one there is a 3-dimensional normally hyperbolic weakly invariant 
manifold Ai^°'^ and The important feature of these manifolds is that they 



"go through" the strong double resonance po as shown on Figure 12, We call these 
manifolds simple loop manifolds by the reason explained below (see also [Hj). 

It turns out that these and other normally hyperbolic invariant manifolds have 
kissing property near pq, which is a crucial element of "jumping" from one manifold 
to another. Now we give a formal description. 

Recall that Pq E T (1 T', where F and F' are two resonant lines. Naturally, F 
induces an integer homology class h E H^{T^, Z). Recall that G T"* x ~ x 
is the singular point of the Jacobi metric po- It is a saddle fixed point for the slow 
Hamiltonian if^. Let 7° be a shortest geodesic in the homology h with respect to the 
Jacobi metric Qq. Mather proved that generically we have the following cases: 

Definition 3.1. i. G 7° and 7^ is not self-intersecting. Call such homology 
class h simple non-critical and the corresponding geodesic 7° simple loop. 

2. G 7° and 7° is self-intersecting. Call such homology class h non-simple and 
the corresponding geodesic 7° non-simple. 

3. ^ 7°, then 7{J is a regular geodesic. Call such homology class h simple critical. 

It turns our there are open sets of mechanical systems, where each of the three 
cases occurs. It is only the second item which is somewhat unusual. Notice that 7° is 
self-intersecting only if E 7°, otherwise, curve shortening argument applies at the 
intersection. 
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We point out that there are always at least two simple homology classes hi,h2 G 
H^{T^,7j). To prove that minimize over all integer homology classes h' G if^(T'',Z) 
and geodesies passing though the origin. Pick two minimal shortest hi and /i2. The 
corresponding minimal geodesies 7{J., i = 1,2 are non-self- intersecting 

Notice that the condition G 7)^ for a geodesic corresponds to a homoclinic orbit 
to the origin in the phase space. They are given by intersections of stable and unstable 
manifolds of the saddle 0. Existence of transverse intersections implies that there are 
open sets of mechanical systems with 7° being self-intersecting for some h G H^{T'^, Z) 
and, therefore, passing though the origin. 

If minimal geodesies of po are self-intersecting the situation was described by 
Mather [57|. 

Lemma 3.2. Let h be a non-simple homology class. Then generically 7° is the con- 
catenation of of two simple loops, possibly with multiplicities. More precisely, given 
h G Hi{T^,Z) generically there are homology classes hi, h2 G ifi(T*,Z) and integers 
ui, ^2 G Z+ such that the corresponding minimal geodesies 7°^ and 7°^ are simple 
and h = Uihi + n2/?.2- 

We impose the following assumption 

[AO] Assume that for the Hamiltonian and the homology class h, there is a 
unique shortest curve 7° for the critical Jacobi metric with homology h. If h is non- 
simple, then it is the concatenation of two simple loops, possibly with multiplicities. 

For E > 0, 'jI^ has no self intersection. As a consequence, there is a unique way 
to represent 7° as a concatenation of 7°^ and 7°^- Denote n = ni + n2, we have the 
following 

Lemma 3.3. There exists a sequence a = (cxi, ■ ■ ■ , cr„) G {1, 2}", unique up to cyclical 
translation, such that 

Now we add more assumptions to [AO] and describe generic properties of the Jacobi 
metric. We emphasize that analysis of the phase space, not of the configuration space, 
provides additional valuable information! This is a crucial difference with Mather 

[SUET]. 

^otherwise, 7°. can be decomposed into a sum of at least two other geodesies crossing at the 
origin and, therefore, is not shortest. 
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3.4 Generic properties of homoclinic orbits and genericity at 
low energy 

Pick a simple critical homology class h G /f^(T^,Z). Recall that for G 7)] in the 
phase space it corresponds to a homoclinic orbit to the origin. Now we make the 
following assumptions: 

[Al] The potential U has a unique non-degenerate minimum at and U (0) = 0. 

[A2] The linearization of the Hamiltonian flow at (0, 0) has distinct eigenvalues 
-A2 < -Al < < Al < A2 

In a neighborhood of (0,0), there exist a smooth local system of coordinates 
(mi, M2, si, S2) = (m, s) such that the tij~axes correspond to the eigendirections of Aj 
and the Si-axes correspond to the eigendirections of — Aj for i = 1,2. Let 7^ = 7°_,_ 
be a homoclinic orbit of (0, 0) under the Hamiltonian flow of if**. Denote 7~ = 7° _ 
the time reversal of 7{J_,_, which is the image of 7°_^ under the involution P ^ —P 
and t I— 7- —t. We call 7^ (resp. 7") simple loop. 

We assume the following of the homoclinics 7"'" and 7". 

[A3] The homoclinics 7^ and 7" are not tangent to M2— axis or S2— axis at (0, 0). This, 
in particular, imply that the curves are tangent to the ui and si directions. 
We assume that 7"*" approaches (0, 0) along si > in the forward time, and 
approaches (0, 0) along mi > in the backward time; 7" approaches (0, 0) along 
Si < in the forward time, and approaches (0, 0) along ui < in the backward 
time (see Figure |9]). 

For the non-simple case, we consider two homoclinics 71 and 72 that are in the 
same direction instead of being in the opposite direction. More precisely, the following 
is assumed. 

[A3'] The homoclinics 71 and 72 are not tangent to M2— axis or S2— axis at (0, 0). Both 
7i and 72 approaches (0, 0) along si > in the forward time, and approaches 
(0, 0) along Ml > in the backward time. 

Given d > and < 5 < rf, let be the d-neighborhood of (0, 0) and let 

= {si = ±6} n = {Ml = ±6] n 

be four local sections contained in B^- We have four local maps 

: t/++(c s;) s!;, $r,+ : f/-+(c Si) 1:1, 
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Figure 8: Homoclinic orbits to the origin 



: f/+-(C S;) $r,- : f/-(c SI) ^ S^. 

The local maps are defined in the following way. Let {u, s) be in the domain of one 
of the local maps. If the orbit of {u, s) escapes Bd before reaching the destination 
section, then the map is considered undefined there. Otherwise, the local map sends 
{u, s) to the first intersection of the orbit with the destination section. The local map 
is not defined on the whole section and its domain of definition will be made precise 
later. 

For the case of simple loop, i.e. assuming [A3], we can define two global maps 
corresponding to the homoclinics 7"'" and 7". By assumption [A3], for a sufficiently 
small S > 0, the homoclinic 7^ intersects the sections S" and S^ and 7" intersects 
S" and Si. Let p"*" and (resp. p~ and q~) be the intersection of 7"*" (resp. 7") with 
S" and S^ (resp. S" and Si) . Smooth dependence on initial conditions implies 
that for the neighborhoods 3 there are a well defined Poincare return maps 

K^o^ ■■ S^, : V- Si. 

When [A3'] is assumed, for i = 1, 2, 7* intersect S!|^ at g* and intersect S^ at p*. The 
global maps are denoted 

^glob • ^ ^ ^ + > ^glob • ^ ^ 

The composition of local and global maps for the family of periodic orbits shad- 
owing 7+ is illustrated in Figure [sj 

We will assume that the global maps are "in general position" . We will only phrase 
our assumptions [A4a] and [A4b] for the homoclinic 7^ and 7". The assumptions for 
7^ and 7^ are identical, only requiring different notations and will be called [A4a'] 
and [A4b']. Let and denote the local stable and unstable manifolds of (0, 0). 
Note that W"^ fl S!J. is one- dimensional and contains g^. Let T""(g^) be the tangent 



28 




direction to this one dimensional curve at q^. Similarly, we define T'^'^{p^) to be the 
tangent direction to fl at . 

[A4a] Image of strong stable and unstable directions under D^'^^^^{q^) is transverse to 
strong stable and unstable directions at on the energy surface 5*0 = {H'^ = 0}. 
For the restriction to 5*0 we have 

^*;ob(?^)|T5oT""(g-') rh T-(p+), D^-^^{q-)\Ts,T-^iq-) fh T-(p-). 

[A4b] Under the global map, the image of the plane {s2 = mi = 0} intersects {si = 
U2 = 0} at a one dimensional manifold, and the intersection transversal to the 
strong stable and unstable direction. More precisely, let 

L{p^) = D^%^^{q^){s2 = Ml = 0} n {si =U2 = 0}, 

we have that dimL(p±) = 1, L{p^) ^ T''{p^) and D{^^^^^)-^L{p^) ^ T"'^(g±). 

[A4'] Suppose conditions [A4a] and [A4b] hold for both 71 and 72. 

In the case that the homology h is simple and ^ 7°, we assume 

[A4"] The closed geodesic 7° is hyperbolic. 

We would like to emphasize that these non-degeneracy assumptions are restrictions 
on the Hamiltonian flow in the phase space. Mather [58] imposes non-degeneracy 
assumptions on the Jacobi metric in the configuration space. 
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Theorem 5. Let K{p^) be a positive definite quadratic form. The set Wdr{po) 
of functions Hi G S"^ such that for the corresponding averaged potential U{ip'^) the 
slow mechanical system = K{p^) — U{(p^) satisfies conditions [A0]-[A4] is 

C^-open and -dense, where r > 2. 

In what follows we need a quantitative version of conditions [Al]-[A4]. Let k > 0. 
We say conditions [Al]-[A4] holds with non-degeneracy parameter n if 

• U"{0) > K, \2-\i> 5k; 

• 7^ crosses S!^ and transversally for 6 > k; 

• For the restriction to the energy surface 5*0 we have 

Z(D<l>J,,(g+)|T5or™(g+),T-(p+)) > K, 
^P*giobr)|T5or™(g-),T-(p-)) > K. 

and 

Z(L(p±),T-(p±)) > K, Z(D($±„J-iL(p±),T-(g±)) > K. 

We show that under our assumptions, for small energy, there exists "shadowing" 
periodic orbits close to the homoclinics. These orbits were studied by Shil'nikov [70] , 
Shil'nikov-Turaev [71], and Bolotin-Rabinowitz [20] . 

Theorem 6. 1. In the simple loop case, we assume that the conditions Al - A4 
hold for 7^ and 7^. Then there exists Eq > such that for each < E < Eq, 
there exists a unique periodic orbit 'yf corresponding to a fixed point of the map 
"^giob ° "^loc" restricted to the energy surface Se- 

For each < E < Eq, there exists a unique periodic orbit corresponding to 
a fixed point of the map o $~~ restricted to the energy surface Se- 

For each —Eq < E < 0, there exists a unique periodic orbit 7^ corresponding to 
a fixed point of the map $giob o o ^'^^^^ o restricted to the energy surface 
Se. 

2. In the non-simple case, assume that the assumptions [Al], [A2], [A3'] and [A4'] 
hold for 7^ and 7^. Then there exists Eq > such that for < E < Eq, the 
following hold. For any a = (cti,-- - , ct„) G {1,2}", there is a unique periodic 
orbit, denoted by 7^, corresponding to a unique fixed point of the map 

n 

n (*.^b o Kt) 

restricted to the energy surface Se. (Product stands for composition of maps). 
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Figure 10: Periodic orbits shadowing 7"' 



The family of periodic orbits 7^ is depicted in Figure 



10 



Theorem 7. In the case of simple loop, assume that conditions [A1]-[A4] are satisfied 
with 7^ = 7°_,_ and 7" = 7°_. For this choice of -y^ and 7", let •yf, 7^ and •y^ be 
the family of periodic orbits obtained from part 1 of Theorem^ Then the set 



Eoy 



[j 7+U7+U U 7fU7"U U 7- 

0<£;<£;o -Eo<E<0 0<E<Eo 



is a smooth normally hyperbolic invariant manifold with boundaries 7:^°, yf^ and 
7:^° (see Figure 11). 



In the case of non-simple loop, assume that [Alj, [A2j, [A3'] and [A4'j are satisfied 
with 7"*^ = 7°^ and 7^ = y^^. Let 7^ denote the family of periodic orbits obtained from 
applying part 2 of Theorem^ to the sequence a determined by Lemma 3j_3. We have 
that for any < e < Eq, the set 



is a smooth normally hyperbolic invariant manifold with the boundary (see Figure 

Moreover, the conclusions of the theorem also applies to any sufficiently small 
perturbation of the slow mechanical system = K — U , where the C'^-size of such 
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Figure 11: Normally hyperbolic invariant manifolds with kissing property 



a perturbation depends only on quantitative non- degeneracy of hypothesis [A1]-[A4], 
given by k > 0, and C"^ -norms of Hq and Hi. 

Remark 3.2. Due to hyperbolicity the cylinder is for any a satisfying 

1 < a < A2/A1. 

// hi and h2 corresponds to simple loops, then the corresponding invariant man- 
ifolds Ai^i'^ '^'^^ -^^2°'* ^'^'^^ ^ tangency along a two dimensional plane at the 
origin. One can say that we have "kissing manifolds" , see Figure 11. This tangency 
persistent |^ / 



IS 



Remark 3.3. In the notations of the beginning of this section for small enough Eq 
and < E < Eq we show that 

— in the simple loop case, the shadowing orbits 7^ coincides with the minimal 
(see Propositions 



8.10 and 



8.11) 



geodesies 7^_|_ 

— in the non-simple case, 7^ 
determined by h (see Proposition 8.I4 and Remark 8.3) 



coincides with ijt^- By Lemma 3.3. a is uniquely 



A. Sorrentino called persistence of this picture "power of love' 
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Remark 3.4. Using Theorem^and Remark 3.3, if satisfies conditions [A0]-[A4], 



then the shortest geodesic 7^ is unique and hyperbolic for any E > 0. Moreover, this 
is an open condition, due to the last statement of Theorem^ This implies the set 

Eo>0 

is an open and dense set. 

Denote U^j^ = ClEoyo^DiiiPo) , then for each po, the set U^n\po) n U^r{po) is 
open and dense. Since for each A > there are only finitely many double resonances, 
the set 

w = U kIr n ( n wlii(po) n uE'jI\po 

A>0 \ PO 

is open and dense. 

Key Theorem 3. Let r > 4 and assume that = Hq + sHi is and such that 
Hi G Wur{Po) C S'^ , i.e. satisfies the conditions of Theorem^ 
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1. If homology h is simple, then exhibits normally hyperbolic weakly invarian 
manifold . Moreover, the intersection of Ai^^f with the regions {—Eq < 

< Eo} X T zs a -graph over Mf°'' . 

2. If homology h is non-simple. Then Hg, exhibits simple normally hyperbolic 
weakl^^ invariant cylinders M^i't ^'^^ -^hl'l satisfying the conditions of the 
previous item. Moreover, for fixed Q < e < Eq, there exists a normally hy- 
perbolic weakly invariant cylinder A^^'f° whose intersection with the region 
{e<H'< Eo} xT IS a -graph over Mll^° . 

Remark 3.5. Notice that the theorem is stated for the Hamiltonian H^. if^ is related 



to H'^ in Appendix p| (sections B.l and B.2). After a proper normal form $ and a 
linear transformation we have that H^o^o^'j^ is a 0{e^^'^) -small fast time-periodic 
perturbation of H'^ . 



Sometimes A^^'f" is referred as a flower cylinder due to its shape (see Figure 11). 



These are aU the essential stages of building a net of normally hyperbolic invariant 
manifolds. The next important step is to construct diffusing orbits following this net 
of invariant manifolds. 



^"as before weakly means that the vector field of the Hamiltonian is tangent to M^"^'^ 
"weakly" has the same as before 
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Figure 12: An heuristic picture of a double resonance 



3.5 Heuristics of the diffusion across double resonances 



Before we go into description of sophisticated variational shadowing techniques we 
present heuristics of crossing a strong double resonance po n T'. Recall that T is 
an incoming resonant line and h the homology class induced by F on T** (see Figure 
12). As we described above generically there are three cases: 



1. the limiting is a simple curve and G 7°; 

2. the limiting 7)^ is a non-simple curve, G 7°, and there are two simple curves 



7i and •y^^^ = 72 and two integers ni,n2 G Zi+ such that h = riihi + ^2/^2; 



3. the limiting 7° is a simple curve and 0^7°; 

In order to see the cases below one can follow from the incoming arrow to all the 



outgoing arrows on Figure 12 



3.5.1 Crossing through along a simple loop 7° 9 

If homology h is simple, then an orbit enters along a normally hyperbolic weakly 
invariant manifold A^f "'^ established by Key Theorems |2] and 3 We show that it can 
diffuse along across po to "the other side" (see Figure 12 in homologies and 



Figure 17, part a) in cohomo logics 
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3.5.2 Crossing through along a simple loop 7° ^ 

Recall that mechanical systems are invariant under involution: — y —P and 
t — y — t. If homology h is simple, then the mechanical system has a normally hy- 
perbolic invariant cylinder A^f'"''^ and its involution A^^^''^. A diffusing orbit enters 
along a normally hyperbolic weakly invariant cylinder Ai^°/ (which is a perturbation 

of Then we reach zero energy surface and go through the origin to the "oppo- 

site" normally hyperbolic weakly invariant cylinder A^f^'^ (which is a perturbation of 

Al^h'') and continues on "the other side". It corresponds to exactly the same picture 
as the previous case. 



3.5.3 Crossing through along a non-simple loop 7° 

If h is non-simple, i.e the union of two simple loops, then an orbit enters along a 
normally hyperbolic weakly invariant cylinder A^^'f" reaches a small energy e. As 
energy E decreases to zero the cylinder Al^'f° goes toward the origin and becomes a 
flower cylinder and its boundary approach the union of simple cylinders M^i'e ^^"^ 
■M-h^'e (^^^ Figure 11 ). For a small enough energy e and outside of a tiny neighborhood 
of the origin the flower cylinder Al^'f" is almost tangent to one of simple normally 

hyperbolic weakly invariant cylinders Al^°^'^, i = 1 or 2. Near the origin both normally 
hyperbolic weakly invariant manifolds have least contracting and least expanding 
directions almost parallel to the WiSi-place. Moreover, their invariant manifolds have 
tangent directions which are almost parallel to the M2S2-plane. As a result there 
should 1 
implies 



should be transverse intersection of invariant manifolds of and Alf°L^. This 



persistent existence of orbits jumping from 

hi.e • 



the flower cylinder Al^'f° to a simple loop one Al^"'"* 



Then such orbits can cross the double resonance along Alf After that it jumps 
back on the opposite branch of Al^'f° and can diffuse away along it as before (see 



Figure 12 in homologies and Figure 17, part b) in cohomologies 



3.5.4 Turning a corner from F to F' 

Let Oe C X i?^ X T denote the periodic orbit whose projection onto x is near 
the origin. 
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Now we cross a strong double resonance by entering along F and exiting along T'. 
Denote by h' G H^{T^, Z) the homology class induced by T' on T*. As before an orbit 
enters along a normally hyperbolic weakly invariant manifold A^^'^°. As it diffused 

toward the center of a strong double resonance po the cylinder A^^'f" becomes a flower 
cylinder and approaches to a small enough energy. 

• li h and h' are simple, then we diffuse along a normally hyperbolic weakly 
invariant manifold Alf"'* to the unique periodic orbit Os- This periodic orbit belongs 
to both TWf/ and A^f°;' so we can "jump" from one cylinder to the other and 
continue diffusion along A4^°'^ (see Figure 



cohomologies) 



12 



in homologies and Figure 



17 



part c) m 



• If /i is non-simple and h' is simple and such that h' = hi or /12 from the decom- 
position h = riihi + ?7.2/i2, then we can jump to A^^/'^° directly from A^^'f° and cross 
the strong double resonance along Ai^?^- (see Figure 12 in homologies and Figure 



17, part b) in cohomologies). 



• If is non-simple and h' is simple, but neither hi nor h2 from the decomposition 
h = riihi + n2h2, then we can jump to A^^'^^' from A^^'f° and make a turn as in the 
first item (see Figure 12 in homologies and Figure 17, part d) in cohomologies). 

• If both h and h' are non-simple, then both A^^'f" and M^'^^ becomes flower 
cylinders. In this case, there are two simple homology classes hi and h[ such that 
a normally hyperbolic (weakly) invariant manifolds M^i's ^^"^ -^h^'e crosses along 
the periodic orbit Og. Moreover, we can first jump onto Aff°'* go to the periodic 
orbit along and jump to cross (if necessary) the double resonance, and only 



e,Eo 



afterward jump onto 
cohomologies) . 



see Figure 12 in homologies and Figure 17, part e) in 
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4 Localization of the Aubry sets and the Mane sets 
and Mather's projected graph theorems 

We divide this section into two parts: single and double resonances. 

In our proof we rely on various results about properties of the Aubry, Mather, 
and Mane sets obtained earlier. This led to a notational conflict. Sometimes, 
A{c), A^(c), Afic) denote (continuous) Aubry, Mather, and Mane sets as subsets 
of T*T^ X T D X 52 X T (see e.g. [S?]). These are invariant sets of the asso- 
ciated Hamiltonian flow. Moreover, we need to keep track of time component (see 
and 



sections 
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12). Sometimes, A{c), M{c), A/'(c) denote (discrete) Aubry, Mather, 
and Mane sets as subsets of T*T^ D x 5^ (see e.g. |9l |33])- These are invariant 
sets of the time one map. To somewhat consolidate both we denote 

• A{c), A^(c), Af{c) the discrete Aubry, Mather, and Mane sets respectively. 

• Ah{c), Ainic), Mh^c) the continuous Aubry, Mather, and Mane sets respec- 
tively. Subscript H also emphasises dependence on the underlying Hamiltonian 
H. 

4.1 Localization and Mather's projected graph theorem for 
single resonances 

In this section we study the Hamiltonian if^ near a single resonance Tj C T* away 
from strong double resonances from the point of view of Mather theory and weak 
KAM theory. More precisely, we analyze dynamics with action component being in 
the neighborhood of the set 

{P = {pI{p^),P^), P^ G C [amin.amax]} C Tj. 

The main goal here is to state Key Theorems |4] and [5j As before we assume that the 
averaged potential Z = Zj satisfies the generic conditions [G0]-[G2]. Then that there 
exists a partition of [a^m, amax] = Uj=i^['^i5 such that for G [oj — A, Oj+i + A] 
the function Z{9^ ,pl{p^),p^) has a nondegenerate local maximum at 9f (see Figure[6|. 

Key Theorem [4] says that for one parameter family of c = {pl{c-^),c^) and c-^ G 
[tti — A, aj+i -|- A] we have that the corresponding Aubry sets Ah{c) belong to a 
neighborhood of the normally hyperbolic invariant cylinders Cp'' constructed in Key 
Theorem [L Then Key Theorem N improves this claim to say that these ^//(c)'s 
and even "bigger" Mane sets A/'h(c) belong to the corresponding cylinder Q away 
from bifurcation points aj,aj+i. Near a bifurcation point a^+i they could belong to 
either of the two cylinders Cp"* and C|i_\. Moreover, in all cases these Aubry sets 
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^j/(c)nCP has a one-to-one projection onto the fast angle 6^ with Lipschitz inverse. 
In a general setting this is the well-known Mather graph theorem. In our setting 
we call it Mather's projected graph theorem. It leads to ordering of minimizers on 
the base (6'-^,^) G and shows that such Aubry sets Ah{c) H Cp'' can be only of 
Aubry-Mather type: either invariant 2-dimensional tori, or Denjoy sets, or periodic 
orbits with connecting heteroclinics. 

It turns out that under some circumstances it is more convenient to study con- 
tinuous dynamics in x 5^ x T C T*T^ x T. In other situations one considers the 
time one map and study discrete dynamics in x — > x i?^. As a result there 
is a one-to-one correspondence between invariant sets of the continuous flow and its 
discrete version. 

We first point out the following consequences of the genericity conditions [GO]- 
[G2]: there exists 0<6<5/2<A/4 depending on Hi such that 

[Gl'] 

z{et{pf),pl{pf)) - z{e%pi{pf)) > b\\9^ - et{pf)\\, 

for each p-^ G [flj + b, Oj+i — b] . 
[G2'] For p^ G [oi+i — b, Oj+i + b], i = 0, ■ ■ ■ , s — 2, we have 

max{z{et,pi{p^)),z{ei,,p4pf))} - 

>bmm{\\9^-9t\\,\\0'-eii\\y. 

In the first case, the function Z has a single non-degenerate maximum, which we 
will call the "single peak" case, while the second case will be called the "double peak" 
case. The single peak case corresponds to a unique maximum for Z, and the double 
peak case corresponds to a neighborhood of a bifurcation. The shape of the function 
Z allows us to localize properly chosen Aubry sets and Mane sets of the Hamiltonian 

Recall that [a'_, a^] denotes either a non-boundary segment [a^'' — 5, a^^^-^^ + 5], G 

{1, . . . , M — 1} or one of boundary segments [qq '' — 3^/e, a^^^ + 6] and [a^^-i ~ ^' + 
3^/e]. According to Key Theorem [l| for each [0*1,0^] there exists 

= {{e%f) = {Q],P^){6f,pf,t)) : pf G [a'_,a\l {6^ ,t) G T x T}, 
which contains all full orbits contained in 

V^^ := {{e,p,t) : / G K,aV], - {9^^,pl)\\ < pj. 

As there may be orbits in C^''^ escaping from v}''^ through top/bottom boundaries 
pf = or a!,_. Therefore, Cp^ is not necessarily invariant in the strict sense. 
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This information allows us to study the Mather set, Aubry set and Mane set of 
the Hamiltonian H^. Let A = 2 maXpgB2 „gR2^ \^\=i{dppHo{p)v,v). 

Let 6 > 0. Denote [a*_, 0^] denotes either a non-boundary segment —b, a^''^^ + 

6], i G {1, . . . , M — 1} or one of boundary segments [a^^ — 2^/e, a[^^ + b] and [a^lj-i ~ 

b, a^il + y/^]. 

Key Theorem 4 (Localization). Let the averaged potential Z of H^, given by 
satisfy [G0]-[G2], then there exist 5^ = 6o{Ho, A, r, T*) > 0, Eq = eo{Ho, A, r, T*) > 0, 
and < P2 < Pi snc/i t/iat for < e < cq and < b < 6/2 < 6o/2 for the Hamiltonian 
ife the following hold. 

1. For any c = {pl{c^),c^) such that G [aL,^^]' -^h^c) is contained in 

{{e,p,t): |b-c||<(10A+l)v^, <P2}. 

2. For c = {pI{c-^),c-^) such that G [a^,a!,_], we have that Ah{c) is contained in 

: lb - c|| < (lOA + l)v/^, min{||r - ei{p^)l ||r - et^,{pf)\\} < p^}. 

Apply the statements of the previous theorem with Key Theorem [T| we may 
further localize these sets on the normally hyperbolic weakly invariant cylinders C\'''^ 
and C'f^^\ Moreover, locally these sets are graphs over the 6^ component, which is 
a version of Mather's projected graph theorem. 

Let 5' > 0. Denote [a!_, a\] denotes either a non-boundary segment [a'f^ — 6' , aj-:^\ + 
6'], i G {1, . . . , M — 1} or one of boundary segments [oq ■* — ^/e, a^^^ + 6'] and [a^M_i — 

Key Theorem 5 (Mather's projected graph theorem). Let the averaged potential 
Z of He, given by satisfy [G0]-[G2], there exist 5' = 6'{b, Hq, X,r,r*) > and 
^0 = ^o(^) Hq, a, r, r*) > such that for < 6 < Sq and < e < eo we have: 



(a ,a 



1. There exists < p2 < Pi such that for a = {pl{c^),c^) with G 
the Mane set Afnic) D Ah{c) is contained in the normally hyperbolic weakly 
invariant cylinder C^'' 

Moreover, let ttq/ be the projection to the 6^ component, we have that 7r0/|^//(c) 
is one-to-one and the inverse is Lipschitz. 

2. For G [a\_ -5',a\ + 5'], we have that Anic) C C|^'^ U Cf^\. 

Moreover, TTgf\AH{c) H and TTgf\AH{c) H Cj'l^^ are both one-to-one and have 
Lipschitz inverses. 

^^as before "weakly" means that the Hamihonian vector field of is tangent to 
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Recall that Key Theorem [T] for resonant segments not ending at a strong double 
resonance follows from Theorem 4.1 [13]. For resonant segments ending at a strong 



double resonance it follows from Theorem 15 Proofs of both Theorem 4.1 [T2] and 



Theorem 15 consists of two steps: find a normal form A^^ = H^o^^ (Corollary 3.2 



and Theorem 17 respectively) and construct an isolating block for N^^ (see sections 



4 in [13] and section 7.3 respectively). The only difference of the two is that in the 



normal form theorem we show that 

N, = H,o^, = Hoi-) + eZ{-) + eR{; t), 
where < S for some small predetermined 6 and two different norms. In [13] we 



use the standard C^-norm, while in section 7.3 we use a skew-symmetric C^-norm. It 



turns out it does not affect applicability of the isolating block arguments as shown in 
section 17. 3[ 

We observe that Key Theorem |4] can be proven in exactly the same way as Theorem 
5.1 [13] and Key Theorem [s] can be proven in exactly the same way as Theorem 5.2 
[13] . To see that notice that Theorems 5.1 and 5.2 are proven in section 5 and 
the proof applies to the remainder R being small in the C°-norm (see Lemma 5.3 
and Proposition 5.6 there). It remains to note that the skew-symmestric norm from 
section 7.3 coincides with the C°-normal from section 4 in [13\. Thus, making the 



proof from section 4 [13] applicable to our situation. 

4.2 Localization and Mather's projected graph theorem for 
double resonances 

In this section we study the Hamiltonian near a strong double resonance from the 
point of view of Mather and weak KAM theory. More precisely, we consider a double 
resonance po eTHT' and dynamics in its 0(-\/e)-neighborhood. As we pointed out in 
(|5| and remark 3.5 this dynamics is closely related to dynamics of the slow mechanical 



system H^{P , (p^). Thus, we consider the following Hamiltonian 

H:iif^, r, t) = K{r) - uiif') + VePiif^, r, r), (7) 

where ip' G P G and r G ^eT, with ||P||c;2 < 1. Denote H'{ip%P) = 
K{P) — (/{(f'^). Without loss of generality we assume mint/ = 0. As before we 
assume that minimum is unique. 

By the Maupertuis principle, for each E > and h G ifi(T*,Z), there exists at 
least one minimal closed geodesic in the homology class h. For the geodesic on the 
critical energy surface there are three cases: 

• simple loop passing though the origin. 
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• simple loop not passing the origin, 

• non-simple loop. 

We first discuss the simple loop case. 

4.2.1 NHIMs near a double resonance 

The net of NHIMs near a double resonance consists of high energy and low energy 
cylinders, and for low energy, the type of the cylinders depends on the properties of 
the associated homologies h and h'. We summarize the content of Key Theorems |2] 
and |3] as follows. 

For the slow system, there exists NHICs 

A^f'^^-= U 7f, 0<j<N-l 

Ej-5<E<Ej+i+5 

and the corresponding cylinders M.^^^^^^^ for the perturbed system (constructed in 
Key Theorem [2|. Let X : i— )■ {lp^,—P), then by the symmetry of the slow 

— EE EE EE- 

system if the cylinders A^_j^' =X(A^^^' ^^^). The perturbed cylinders A^_j^'/"'"^ 

are graphs over A^fj^'^^^'^^ but is not the reflection of Aif^^^^^^^ in general. In addition, 
we assume that Eq is not an bifurcation value. Otherwise, we relabel Eq as Ei and 
pick a smaller Eq. 

En E 

In the case that h is simple and non-critical, the cylinder Aif^ ^ is smoothly 
attached to the cylinder 

= U 

-5<£;<£;o+<5 

If h is simple and critical, by Key Theorem |3| there exists a simple loop cylinder 
A^f"''* containing the loop 7°. The cylinder is smoothly attached to both and 

If h is non-simple, by Key Theorem |3} part 2, there exists an invariant cylinder 

Mf''^= U 

e/2<E<Eo 

By local uniqueness, is smoothly attached to . For a sufficiently small 

e, the perturbed cylinder A^^'f" is well defined. 

After the perturbation, the hyperbolic fixed point (0, 0) corresponds to a hyper- 
bolic periodic orbit, denoted o^. If h is simple and critical, C A^f"''^; but if h is 
simple and non-critical, fl Ai^^^ ~ ^■ 
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For simple loops, we have a net of NHIMs 

that connects the high energies of homology h and homology —h. For non-simple loop, 
the NHIMs does not reach critical energy. However, as h decomposes to riihi +n2h2, 
with hi and /12 simple, we have the corresponding simple cylinders and 
For all types of cylinders, we have localization of the Aubry sets and the Marie sets, 
with appropriately chosen cohomologies. 



4.2.2 Choice of the cohomology classes 

For the slow system if'', each minimal geodesic 7^ corresponds to a minimal measure 
of the system, and has an associated cohomology class. More precisely, we assume that 
7^^ is parametrized so that it satisfies the Euler-Lagrange equation, and T = T(7^) 
is its period under this parametrization. Then the probability measure supported on 
7^ is a minimal measure, and its rotation number is 

1 1 
The associated cohomology class is a convex subset 

of ii^(T^, M), where CTs is the Legendre-Fenchel transform of the /3-function defined 



by Mather (see (30) section 9.6 for definition). 

Assume that the system H'^ satisfies conditions [DR1]-[DR3] and conditions [AO]- 
[A4]. Then ioi < E < Eq, or Ej < E < Ej+i, < j < iV - 1, there exists a unique 
minimal geodesic 7^' for energy E. In this case, we define 

= 1/T(7f ). 

For the bifurcation value E = Ej, < j < N — 1, there are two minimal geodesies 
7^ and 7^. We still write Xf = 1/T(7^), where the choice of 7^ among the two is 
arbitrary. We will show that the set £J-'^(Af /i) is independent of the choice of 7^ 



(see Theorem 28 section [C]), and hence CFp{X^h) is well defined as a set function of 
E. 

We call the union 

U '^^P^>^fh) (8) 

the channel associated to the homology h, and we will choose a curve of cohomologies 
within this channel. For our choice of cohomologies, the associated Aubry sets are 
contained in the normally hyperbolic invariant cylinders. The choice of the cohomol- 



ogy in the channel is illustrated in Figure 13 
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c,^(0) 



Figure 13: Channel and cohomology: Left: simple channel (both critical and non- 
critical); right: non-simple channel 

Proposition 4.1. Assume that satisfies the conditions [DR1]-[DR3] and [AO]- 
[A4]- Then there exists a continuous function Ch '■ [0, -E] — > H'^{T''^,'R) satisfying 
Ch{E) G CJ^ pi^X^h) , E > 0, with the following properties. 

1. ForO <E < Eo, or Ej < E < Ej+i, < j < iV - 1, 

Ah^{ch{E))=^^. 

2. For the bifurcation values E = Ej, j > 1, 

^^.(c,(E,))=7/f U7f. 



3. If h is simple and critical, then 



^H»(c.(0))=7^; 



for each < A < 1, 



4- If h is simple and non-critical, then 

AH^{chm=l''h^W' = 0}; 

for each < A < 1, 

AH^i\ch{0)) = {v' = 0}. 
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4.2.3 Properties of the Aubry sets and Mane sets 

For the perturbed slow system if^ = Hs+^/eP on T^xM^Xi/eT, similar to Proposition 



4.1, we have the following localization statement. 



Theorem 8. Assume that satisfies the conditions of Key Theorems\^and\^ Then 
there exists a constant 6 = S{H^) > such that for some Cq = £o{H^, 6) > and for 
all < e < eo we have 

1. For Ej + 6 <E < Ej+i - 6 with 0<3<N, 

2. For Ej-6<E<Ej + 6 with 1<J<N, 

3. Assume that h is simple and critical, then 

AHi{ch{E)) C Mjf U < ^ < Eo, 

AHs{Xchm C Mff U A^g'^S < A < 1. 
Note that A^f"'* U is one smooth cylinder. 

4- If h is simple and non-critical, then 

MHi{ch{E)) c Ml'^^ 5<E<Eo, 

AHf{ch{E)) C o, U A^°f , 0<E<6, 
AnsiXchm C o, U A^Jf , 1 - 5 < A < 1, 
AfHiiXchiO)) C Oe, 0<X<l-6. 
5. If h is non-simple, then 

AfniichiE)) C Mf\ e<E<Eo. 



As explained in Appendix |B.3[ there is a relation between the Aubry sets of the 
Hamiltonian and the Hamiltonian if^ in {(p''^,p^,t) coordinates. More precisely, we 
have 

AHAchiE)) = <^L'AHs{ch{E)), with ChiE) =po + Ch{E)B''^e, (9) 

where (^L{ip^,p'^) = {(p'^,{p^ ~Po)/v^)- Denote = Po + XB^Ch{0)y/e, we have 
AnS'^h) — ^L^-^H^iXchiO)) as well. Similar conclusions hold for the Mane sets. 

As a consequence, we obtain localization statements about cohomology classes of 
the original Hamiltonian H^. 
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Key Theorem 6. Assume that satisfies the conditions of Key Theorems\^and\^ 
Then there exists 6 = S{Ho, Hi,T*,r) > such that for some Eq = eo{HQ, Hi,T*, r, 6) > 
and for all < e < eQ we have 

1. For Ej + 6 < E < Ej+i - 6 with < j < N we have 

2. For Ej-6<E<Ej + 6 with l<j<N, 

3. Assume that h is simple and critical, then 

AfnAchm c A^g'^ U M^f\ 0<E<Eo, 

MhAcI) C M'^f, 0<A<1. 
4- If h is simple and non-critical, then 

NuXchiE)) d Ml^^\ 6<E<Eo, 

UHXch{E)) c o^VJ Ml^^\ 0<E<S, 
ArH,(c^)COeU>l°f , 1-6<\<1, 
AfHSci)Co,, 0<\<l-5. 

5. If h is non-simple, then 

NuXchiE)) d Mt^,\ e<E<Eo. 

We have that the Aubry sets satisfy Mather's projected graph theorem. 

Key Theorem 7 (Mather's projected graph theorem). Assume that satisfies the 
conditions of Key Theorem^ and^ Then there exist 5 = 5{Hq, Hi,T,r) > and 
Co = £o{Hq, Hi, r, r,6) > such that for all < e < cq, 

1. For Ej + 6 < E < Ej+i - 6 with < j < N, the Aubry set AH,{ch{E)) is 
contained in a Lipshitz graph over 7^. 

2. For Ej-5 < E < Ej + 5 with l<j<N, the Aubry set Ah, {ch{E)) n M^^"''^' 
and AHXch{E))r\Aif^^^^^'^^ are contained in graphs over^yj^ and'yj^, respectively. 
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3. Assume that h is simple and critical, then 

• for < E < Eq, the Aubry set AHc{ch{E)) is contained in a graph over 

• for < A < 1, the Aubry set Ah^c'^) is contained in a graph over 7°. 
4- If h is simple and non-critical, then 

• for < E < Eq, the Aubry set AHSch{E)) is contained in a graph over 



if; 



• for 1 — 5 < A < 1, the Aubry set AhX*^ '~'-^/i'e° ^■^ contained in a graph 
over 

• for^<\<\-8,the Aubry set Au,{c^ ^ o,. 

5. If h is non-simple, then for e < E < Eq, the Aubry set AnXch^E)) is contained 
in a graph over •y^ . 

4.3 Choice of auxiliary cohomology classes for a non-simple 
homology 

Assume that h is a non-simple homology. Assume that condition [AO] holds and by 



Lemma 3.2 we have decomposition h = riihi +^2/^2 into simple homologies. Let Ch{E) 



be the associated cohomologies as in Proposition 4.1 Since the homology hi is simple 



we can choose a curve of cohomology (E) contained in the channel associated to hi 



satisfying the conclusions of Proposition 4.1[ In this section, we show how to modify 



the function Chi{E) such that it satisfies some additional properties relative to the 
homology h. 

Let hi G if^(T^,]R) be a unit homology vector orthogonal to hi. 

Proposition 4.2. There exists a continuous function hh^ : [0,Eo] — > iJ^(T^,]R), 
bhi{E) G CJ^ ^{Xf^^hi) for E > 0, with the following properties. 

1. ForO<E< Eq, AHs{h,{E)) = 7I;. 

2. bhM = ChiO). 

hm Ki^l^M^^h^ 
E^o+\\bf,^{E)-Cf,{E)\\ 



46 



Figure 14: Simple channel associated to a non-simple one 

In Appendix [c| we analyze properties of the channel IJ^^q £J-'/3(Af//i') of coho- 
mologies, defined in ([8|, for simple and non-simple h. Most of them are summarized 



in Theorem 28 Using this Theorem we can choose bh^{E) in such a way that the 



following properties of the channels: 

• The set CJ^fs{Xfh) is a closed interval of non-zero width for each E > 0. 

• As E — y 0, the set CJ^ p{\^h) converges to a single point c*{h). 

• The set CJ^ p{X^h i) is a closed interval of non-zero width. Hence, the channel 
IJ^^Q £J-'/3(Af^/ii) has width bounded away from zero. 

• The segment CJ^ ^{X^^hi) is parallel to h^, where denotes the vector per- 
pendicular to hi. As E — > 0, the set CJ^ hi) converges to a segment of 
nonzero width. Moreover, one of the end points of this segment is c^(/i). 



For an illustration of the channels, see Figure [14 
It is shown in section 



3.3 



that under our non-degeneracy conditions, 7°^ and 7°^ 
are both tangent to a common direction, let's denote it vq. We will assume the 
following. 

The vector vq is not parallel to hi . 
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However, this assumption is not restrictive, if this condition is not satisfied by hi, 
we will simply switch the names of hi and h2. 

We remark that the function bh-^ does not satisfy the conclusions of the Proposi- 



tion 4.1, as the curve approaches the boundary of the channel, instead of staying in 



the interior. Indeed, since &hi(0) = Ch{0), then AHo{bhj^{E)) = 7^'^ ^ 'lh2^ instead of 
being 7^'^. However, we can modify the function 6/^ near E = such that it satisfies 



the conclusions of the Proposition 4.1 



Proposition 4.3. For any e > 0, there exists a function Ch^ : [0, Eq\ 
cl^{E) e CJ^p{\^^hi) for E>0, such that 



4^{E) = h,iE), 



e<E<Eo, 



and c^j(-E) satisfies the conclusions of Proposition 4-1 



The modification is illustrated in Figure 14 For the purpose of diffusion, we will 
"jump" from the cohomology Ch{E) to bhi{E) at some energy cq > e. We then follow 
the modified cohomology curve c^^(£') towards c = 0. 

We define the cohomology c^^ (E) and c^'^'*' for the original coordinates in the same 



way as in section 4.2.3 



Remark 4.1. As the proof of Key Theorems^ and^ depend only on the conclusions 



of Proposition for our choice of cohomology Ch^, the conclusions of these Key 
Theorems also hold. 
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5 Description of c-equivalence and a variational A- 
lemma 



5.1 Heuristic descriptions 

We start this section with an heuristic description of c-equivalence as digesting defini- 
tions and abstract objects involved here is a nontrivial task. To motivate a variational 
A-lemma we start with a simple case the standard A-lemma. 

Consider a smooth twist map / : A — > A, A = T x 3 {6,1) satisfying the 
standard assumptions of the Aubry-Mather theory. Suppose {xj}*^^ is a collection of 
periodic points so that each Xi 

• is minimal, 

• has rotation number Ui = pi/qi, and 

• non-degenerate, i.e. it is a saddle and has smooth local stable and unstable 
manifolds Wf^^^Xi) and Wl^^{xi) resp. 

Due to minimality we know that Wi^J^{ smooth graphs over T. Suppose also 

that 

f'''(Wk,ci^i)) aiid Wil^{xi+i) intersect transversally 

for each i = 1, . . . , s — 1. Then we have the following: for some there is a local 
graph 

W C ulJ\Wl:,,ix^)) 

such that it is C^-close to Wl^^{xs). Moreover, this is stable property, i.e. we can 
choose a local graph Q which is C^-close to Wl^^{xi) and it satisfies the same property. 
It turns out this can be included into a general framework of weak KAM theory of 
Fathi pi]. 

When one considers a unstable manifold W^{xi) of a minimal periodic orbits, 
usually it is not a graph. However, there is a part of it, which is a graph with 



discontinuities (see Figure 15). We also have that locally (in some open set U) 



unstable manifold can be given 

Wl',c = {i^,o + du,): xeU}, 

where du^ is the gradient of w at x. 

This motivates a definition of an overlapping pseudograph. To put things in a 
general framework let M be a compact manifold, TM is a tangent bundle to M, and 
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Figure 15: Pseudograph for a fixed point of a twist map 



TT : TM — )■ M is the natural projection. Given a Lipschitz function u : M — )■ M 
and a closed smooth form r] on M, we consider the subset Qr),u of T*M defined by 

Gr),u = {(a;; ?7x + (iMx) : x G M such that du^ exists }. 

We call the subset Q C T*M an overlapping pseudograph if there exists a closed 
smooth form rj and a semi-concave function u such that Q = Qn,u- It turns out that 
Q fit well to describe unstable manifolds. To describe stable manifolds one considers 
anti-overlapping pseudographs 

Qrj^u = {{x; i]x — dUx) : X G M such that du^ exists }. 

Finally an analog of transverse intersection of stable and unstable manifolds Q^^u 
and Q^^u' is a property of u{x) + u'{x) having a local minimum. We give a systematic 
discussion of these facts later. 



5.2 Forcing relation and shadowing 

Here we define forcing relation introduced by Bernard [9J. 

Let Q = Qc,u be an overlaying pseudograph, where m is a semi-concave function. 
We write c{Q) = c. We say that 

N 

Q^nQ\ if |J<^"(6^)' 

n=l 

where is the time-l-map of the Hamiltonian flow. We say that Q \-n d ii there 
exists a pseudograph Q' with c{Q') = d and Q hjv Q' ■ Finally, we say that c h c' if 
there exists n G N such that for any pseudograph Q with c(^) = c, we have ^ hjv c'. 
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The relation c h c' is transitive, and hence the relation c Hh c', defined by c h c' 
and d h c, is an equivalence relation. We call the equivalent classes of this relation 
the forcing classes. The Hh relation implies existence of various shadowing orbits. In 
particular, the following hold. 

Theorem 9. /H Proposition 0.10] 

• If c Hh c' , then there exists a heteroclinic orbit between A{c) and A{c'). 

• Let Ci, i E Tj be a sequence of cohomologies such that all Ci Hh cj. Fix a 
sequence of neighbourhoods Ui ofJ\4{ci), then there exists an orbit {9,p)it) of 
the underlying Hamiltonian flow H, and G M such that {6,p){ti) G f/j. 

In order to connect forcing relation with variational problems we state the fol- 
lowing proposition. Let L : TM x T — > M be a time-periodic Tonelli Lagrangian 
(see section 9.1 for definition) and a smooth one form t] : M — > T*M. Consider a 



modified action 

A^{x,t;y,s) =M / L(7(r), 7(r), r) - r7(7(r)) rfr, 

J s 

where minimization over the set of absolutely continuous curves 7 : [s, t] — > M with 
7(5) = x, 7(t) = y E M . Denote by ip\ a map from time r = s io r = t for the 
Euler-Lagrange flow of L. We have the following 

Proposition 5.1. |3, Proposition 2.7] Fix an overlapping pseudograph Qr],u, cin open 
set U G M and two times s < t. Define 

v{z) = min u{x) + A^(a;, t; z, s), 

where U is the closure of U. Let V G M be an open set and let N G M be the set 
of points, where the minimum is reached in the definition of v{z) for some x eV . If 
N gU, then 

Qr,,v\v C v\{Q^,u\-j^) 

and Qr),u\j^ is a Lipschitz graph above N. In other words, the function u is differentiable 
at each point of N, and the map x 1 — dux is Lipschitz on N. 

In loose terms, having 

inner minima in N G U =^ solutions are orbits of the Euler-Lagrange flow. 

Moreover, if we have some control on properties of the function v{z), then we also have 
the property that resembles forcing relation. Namely, orbits starting at a restricted 
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Figure 16: Evolution of pseudographs as solutions to a variational problem 



pseudograph G'rj,u\j^ flow to contain the closure of a restricted pseudograph G'ri,v\v Fathi 
showed as t — s — > oo the sum v{z) converges to certain limits independent 



of u. Proper limits are called weak KAM solutions (see section 10.1 from precise 
definitions). In order to connect with the heuristic discussion above the reader can 
have in mind ^r?,u|j^ being a part of the unstable "manifold" of one saddle Wl^^{xi) 
which accumulates to the next one under the Euler-Lagrange flow. 

We can use Theorem |9] to prove existence of shadowing orbits. 

5.3 Choice of cohomology classes for global diffusion 

Using the forcing relation, we reduce the proof of our main result (Theorem [T]) to the 
following statement. 

Theorem 10. Assume that if i G W C S^' , in other words, it satisfies all the non- 
degeneracy conditions we introduced. Then there exists a subset F^, C with 

dist{T^,T^:) = O(v^), 

where dist denote the Hausdorff distance with the following property. 

There exists a nonnegative function Eq = eo{Hi) with EqIu > 0, such that for 
V = {eHi : Hi eU, < e < Eq}, for a dense set of eHi G V, the cohomologies in 
F* are all contained in a single forcing class. 



Theorem M and Theorem 10 imply existence of diffusion orbits for a dense set of 



eHi G V. Since existence of diffusion orbits is an open property by the smooth depen- 
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dence of solutions of ODE on the vector field, we conclude that our main Theorem [T] 
holds on an open and dense subset W of V. 

Remark 5.1. Notice that we do not claim that is connected. For example, near 
double resonances, when we switch from one resonant segment Tj to another Fj+i we 



might make a jump (see Figure 11 cases h),d), and e)). 

Since we only need to prove denseness, Key Theorems [8] and [9] are stated in 
perturbative setting: given any Hi G W, there exists arbitrarily small C^-perturbation 
of eHi such that our theorems hold. 



3.5 



In this section, we first describe the set F^,. It is closely related with section 
We write 

f. = Urf uFf, 

3 

with Ff n Vf ^ 0, and Ff n Vf^^ ^ 0. Here Ff corresponds to single resonance and 
pdr corresponds to double resonance. We now describe each piece individually. 

1. (Single resonance) In the single resonance regime, we choose to be a passage 
segment (see ([l2|)). Key Theorem |8] states that all cohomogies in F^*" are in the 
same forcing class. 

In order to prove forcing-equivalence of all F* we also need F^*^ and the nearby 
is disjoint. This is done by making a y/e modification to ^ see section [pj 

2. (Double resonance) In the double resonance regime, the choice of F^^ depends 
on the homologies h and h' associated with this double resonance, as well as the 



direction of diffusion (going across or turning the corner). See Figure 17 for an 
illustration of all cases. 

• If /i is simple and critical, and the diffusion is going across: we define 

ri?= U ^'^(^)u U rf'^= U c,(E), (10) 

0<E<Eo 0<A<1 Eo<E<E 



where the function Ch{E) and c\ are defined in sections 4.2.2 and 4.2.3 
We choose 

Ff = Ff'^u(F°;f UF^fyuFff. 

If h is simple and non-critical, the choice of cohomology is identical to the 
critical case. 

The Aubry sets of the above cohomologies are localized in the high energy 
cylinders and a simple low energy cylinder. For low energy, the diffusion 
orbit is going from the simple cylinder of homology h to the simple cylinder 



of homology —h. See Figure 17, a) for both cases. 
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Figure 17: Choice of cohomology classes for double resonance: (a) simple homology, 
across resonance; (b) non-simple, across; (c) simple to simple; (d) non-simple to 
simple; (e) non-simple to non-simple. 



If h is non-simple, with decomposition h = nihi + 712/12 into simple hi,h2. 
The diffusion is going across. Let e > be a small number depending only 
on if* (and hence depends on Hi,r*,r) to be determined later. We define 



U c^(^) 

e<E<Eo 



and let 



hi ,s 



U u 



e.A 



0<-E<£;o 
e,A 



0<A<1 



4.3 



These coho- 



where the functions c^^ (E) and c^' are defined in section 
mologies corresponds to a simple critical loop for localization purposes, and 



enjoy the additional properties specified in section 4.3 (see Propositions 4.2 
and 1431). 
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We choose 

rf = rff u (r°5 u r°f;j u r-fj. 

Diffusion orbits are jumping from the ffower cyhnder A4f^^ of h to the 
simple cyhnder of hi, which is connected to the simple cylinder 

A^^'f^^e of —hi, and finally back to the flower cylinder A^!:f ^ of —h. See 



Figure 17, b). 

If both h and h' are simple, and diffusion orbits are turning the corner: we 
define 

rf = r^^u(rjf ur°'ggur5f. 



We are jumping from a simple cylinder A^°'f" of homology h to a simple 

■lO,Eo 
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cylinder A^^', ° of homology /i'. See Figure 

If h is non-simple with decomposition h = riihi + 77.2/^2 into simple, and 
we are turning to a simple h': we define 

j ~ h,f ^ hi,s ^ h',s ^ '- h',s ■ 

We jump from the non-simple homology h to a simple hi, then to the 
simple h'. For the case h' is non-simple and h is simple, simply switch h 



and h' in the above definition. See Figure 17, d). 

If h and h' are both non-simple with decompositions h = riihi + ^2/12 and 
h' = rriih'i + 7/12/12 into simple ones, and we are turning the corner: we 
define 

^ i - ^ hj hi,s u J- u J- h',/- 
Diffusion jump from the non-simple h to a simple hi, then to a simple h'^ 



and jumps to the non-simple h'. See Figure 17, e). 



3. Key Theorem |9] states that it is possible to diffuse along high energy cylinder, 
flower cylinder or simple cylinder. In the variational language, it asserts the 
cohomologies in F^'^ (resp. r°'^°, F^"'^) are equivalent. They correspond to 



the solid segments in Figure 17 



4. Key Theorem 10 covers the crucial "jump". It asserts that there exists some 
c e r^f and c' e F°'f , such that c + c' . The jump corresponds to the dotted 
curves in Figure 17 As a consequence, all cohomologies in F* are equivalent. 
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6 Equivalent forcing classes 



In this section we discuss equivalent forcing classes in three different regimes: 

• in a single resonance along one cylinder, 

• in a single resonance along cylinders of the same homology class, 

• in a double resonance between kissing cylinders. 

6.1 Equivalent forcing class along single resonances 

In the single resonant we choose C Tj as a passage segment. More precisely, 

rf = / e [a_,a+]} c r,, (12) 



where [a^l\ a^"*] is as in subsection 3.1 Now we omit superscript j for brevity. We have 
[a_,a+] = |J^r]^[aL, and by Key Theorems 4 and 



for each c G T^, the Aubry 
set A{c) is contained in one of the NHICs, and is a graph over the 6-^ component. 

Key Theorem 8. Assume that the Hamiltonian = Hq + eHi satisfies the non- 
degeneracy conditions [G0]-[G2], then there exists arbitrarily small perturbation eH[ 
of eHi, such that for the Hamiltonian H" = Hq + eH'(, Tf is contained in a single 
forcing class. 

Diffusion along contains three different phenomena: diffusing inside of the 
cylinder, climbing up a cylinder using normal hyperbolicity outside of the cylinder, 
and jumping from one cylinder to the other. We have the following definitions: 

• (passage values) We say that c G Fi C Tf , if A/'(c) is contained in only one 
cylinder, has only one static class, and the projection onto 9^ component is not 
the whole circle. Due to a result of Mather ^3] (and in the forcing setting, [9]), 
c is in the interior of its forcing class. 

• (bifurcation values) We say that c & V2 C. Tf , if -Ai^c) has exactly two static 
classes and each contained in one NHIC. In this case we would like to jump 
from one cylinder to another. 

• (invariant curve values) We say that c G Fs C F^*", if A{c) is contained in a 
single cylinder, but the projection onto 9^ component is the whole circle. In 
this case it is impossible to move within the cylinder, the normal hyperbolicity 
will be used. 
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Theorem 11. Assume that the Hamiltonian = Hq + eHi satisfies the nondegen- 
eracy conditions [G0]-[G2], then there exists an arbitrarily small perturbation eH[ of 
eHi, such that for H'^ = Hq + eH[, r2 is finite, and 

rf = Ti U U Tg. (13) 

The diffusion for both bifurcation values r2 and invariant curve values Fa requires 
additional transversalities. In the case that A{c) is an invariant circle, this transver- 
sality condition is equivalent to the transversal intersection of the stable and unstable 
manifolds. This condition can be phrased in terms of the barrier functions. Recall 
that if we need to emphasise dependence of the Aubry A{c) and Mane A^(c) sets on 
the associated Hamiltonian H we write Ah{c) and Mh{c) 

In the bifurcation set the Aubry set A{c) has exactly two static classes. In 
this case the Mane set M{c) 3 A{c). Let 6*0 and 9i be contained in each of the two 
static classes of A{c), we define 



and 



where hH^,c is the Peierls barrier for cohomology class c associated to the Hamilto- 
nian H^. It is defined in section 10 Let be the set of bifurcation c G r2 such 



that the minima of each bjj^ ^ and bjj^ ^ outside of Ah^ (c) are totally disconnected. 
In other words, these minima correspond to heteroclinic orbits connecting different 
components of the Aubry set Ah^{c) and heteroclinic orbits MhA^) \ AhX^) form a 
not empty and totally disconnected set. 

Since the Aubry and the Mane sets are symplectic invariants [10], it suffices to 
prove these properties using a convenient canonical coordinates, e.g. normal forms. 

In the case c G Fs, we have 

Af{c) = i{c, u) = A{c) 



and it is an invariant circk We first consider the covering 



^ : — ^ 

e = ^ef,9-^)^m = io^,m- 

This covering lifts to a a symplectic covering 

{9,p) = {9,pf,f) ^ E{9,p) = {m,p^,fm, 
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see Section 9.4 for definition of I(c, u), which imphes -4(c) C X(c, u) C J\f{c). 
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and we define tlie lifted Hamiltonian = o r.. It is known that 

where c = = (c'^, On the other hand, the inclusion 

J^^Cc)DE-\j^f,{c))=E-\AH{c)) 

is not an equality for c E T3. More precisely, for c G r3(e), the set Afj{c) is the union 
of two circles, while Mfj{c) contains heteroclinic connections between these circles. 
Similarly to the case of we choose a point 6q in the projected Aubry set AhS^), 
and consider its two preimages 6q and 61 under ^. We define 

and 

where hj^^^is the Peierl's barrier associated to H^. ^%,{,^) is then the set of cohomolo- 
gies c G r^fe) such that the minima of each of the functions h% located outside of 
the Aubry set Afj (c) are totally disconnected. In other words, Mfi (c) \ Afj^'^) is 
not empty and totally disconnected. Since the Aubry and the Mane sets are symplec- 
tic invariants [10], it suffices to prove these properties using a convenient canonical 
coordinates, e.g. normal forms. 

We can perform an additional perturbation such that the above transversality 
condition is satisfied. 



Theorem 12. Let H'^ = Hq + eH[ be the Hamiltonian from Theorem 11. Then there 
exists arbitrarily small perturbation eif" of eH[, preserving all Aubry sets Ap^ (c) with 
c G Vf, such that for H'J = Hq + eH'l we have V2 = T* and = T*. Moreover, 
TY = Fi U r2 U Fg is contained in a single forcing class. 

Clearly, Key Theorem [8] follows from Theorem [T2j The proof of this theorem 
relies on Key Theorems |4] and |5] about localization of Aubry sets inside of a proper 
cylinder and Lipschitz graph properties of these sets over 3 {e^,t). Recall that 
Key Theorems [4] and [5] are proven in the same way as Theorems 5.1 and 5.2 in [13]. 
This Theorem is analogous to Theorem 6.4 in [13j. 



6.2 Equivalent forcing class along cylinders of the same ho- 
mology class 

The chosen cohomology classes Ff'" in the double resonance region consists of possibly 
several connected components. Each component is either F°'^ or F^'^" for a simple 
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homology h, or F^'^ for a non-simple homology. The following key theorem establishes 
forcing equivalence for each of the connected components. 

Recall that in section 4.2.3 for each homology class h G Hi{T^,7j) under the 
condition [AO] we have existence of only three possibilities for 7°: 

• If /i is simple and non critical, AHo{ch{0)) = 7° U {0}. 

• If /i is simple and critical, AH'>{ch{0)) = 7° and 7° contains 0. 

• If is non-simple and h = nihi+n2h2 is decomposition into simple, Ah^ (c/i(0)) = 

Key Theorem 9. With notations above consider the perturbed Hamiltonian = 
Hq+eHi, a strong double resonance and associated integer homology classes h, hi, h[ G 
ifi(T*,Z). Suppose in each item listed below the corresponding conditions hold and 
that the parameter e is such that Key Theorem applies. Then there exists an ar- 
bitrary small localized perturbation eAHi of such that for the Hamiltonian 
H'^ = Hs + eAHi an appropriate family of cohomologies belongs to a single forcing 
class. 

• (high energy) If h is simple and satisfies the conditions [DR1]-[DR3]. Then for 
H'^ the family of cohomologies is contained in a single forcing class. 

• (high energy) If h is non-simple homology and satisfies the conditions [DRl]- 
[DR3]. Then for H'^ the family of cohomologies F^'^ is contained in a single 
forcing class. 

• (low energy) If hi, h[ are simple and critical homologies and satisfy the condi- 
tions [DR1]-[DR3], and conditions [A1]-[A4] of Key Theorem^ Then for H'^ 
the family of cohomologies 

^ hi,s ^ J- h[,s ^ ^ -hi,s ^ J- -h[,s 

is contained in a single forcing class. 

• (low energy) If h is simple and non critical homology and satisfies the conditions 
[DR1]-[DR3] for all energies [—6, Eq-\-6] . Then for H'^ the family of cohomologies 
■pO.Eo y pO.^o j^g contained in a single forcing class. 



Recall that by Proposition B.4 near a double resonance after a proper rescaling S 
and a canonical change of coordinates the perturbed system has the form 

r, r) = siH, o $,) = + K{r) - f/(r) + p(r, r, r). 
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r e T, r e M^ re y/eJ. 

We denote 

#1 = SiiH, + AH,) o $,) = H-^ + ^eP. 

Remark 6.1. It turns out that supports of perturbation AHi of (resp. \feP of 
y/sP) are localized. We distinguish simple critical homologies hi and h'l in item 3, 
because we need additional information about supports of these perturbations. 

The proof of this Theorem is somewhat similar to the proof of Key Theorem [8j 
In particular, the perturbation = H" + y/eP consists of two steps. 
Step 1 . Perturb to 

HI = H' + v^P 

such that each of four the families of cohomologies 

• (high energy simple) , 

• (high energy non-simple) F^'^ 

• (low energy simple, critical) r°'_^^" fl r°'^°^ and r°','^° fl T^'^,"^ 

• (high energy simple, non-critical) T^'"^" and r°'^° 



consists of only three types, defined be analogy with (13). 

• (passage values) Let T'jl be the union of the following two subsets. 

— The first subset is the set of all c G F such that MhX^) is contained in only 
one cylinder, and the image of MhX^) under the projection to 7I' is not the 
whole curve. 

— The second subset is the set of all c G F such that AhX^) <^ o^. 

• (bifurcation values) Let F*2 be the set of all c G F such that AhX^) has exactly 
two static class, each contained in an invariant cylinder. 

• (invariant curve values) Let V\'\ be the set of all c G F such that AhX'^) is 
contained in a single cylinder, and the projection of AhX^) Ih is onto. In 
other words, the intersection of AhX^) with the section {t = 0} is an invariant 
curve. 
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Moreover, if the slow Hamiltonian satisfies conditions of Key Tlieorems |2] and 
[3| then by Key Theorem [7] the Aubry sets of satisfy Mather's projected graph 
theorem. The claim below improves Key Theorem [7] for a generic perturbation P. In 
the item by item setting of Key Theorem [9] there exists an arbitrary small localized 
C" perturbation P of P such that for the Hamiltonian 

H'^=H' + ,/~eP 

an appropriate family of cohomologies consists of only three aforementioned classes 
with the second class being finite. Here is the formal claim: 

Theorem 13. • (high energy) If h is simple and satisfies the conditions [DRl]- 
[DR3]. Then there is an arbitrary small perturbation P of P such that 
y/e (P — P) is localized in a neighborhood of the normally hyperbolic weakly 
invariant cylinders 

N-l 

U ^"f'"' 

3=0 

such that for the Hamiltonian the families of cohomologies satisfy 

-pEo,E -pEo,E I I -pEo,E . . -pEo,E 

h — h,l ^ h,2 ^ h,3 

where T^g^ is finite. 

• (high energy) If h be non-simple homology and satisfies the conditions [DRl]- 
[DR3]. Then there is an arbitrary small perturbation P of P such that 
^Je [P — P) is localized in a neighborhood of the invariant cylinders 

N-l 
j=0 

such that for the Hamiltonian the families of cohomologies satisfy 

-pe,E -pe,E . , -pe,E . , -pe,E 

^ hj — ^ h,l ^ ^ h,2 ^ ^ h,3 

where F^'f is finite. 

• (low energy) If hi, h[ are simple and critical homologies and satisfy the condi- 
tions [DR1]-[DR3], and conditions [Al]-[A4] of Key Theorem^ Then there is 
an arbitrary small perturbation P of P such that ^Je [P — P) is localized in 
a neighborhood of the normally hyperbolic weakly invariant cylinder 
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such that for the Hamiltonian the families of cohomologies satisfy 

hi,s ^ -hi,s ~ ±hi,l ^ ±hi,2 ^ ^ ±hi,3 

and 

h[,s ^ '- -h\,s ~ ^ ±h'^,l ^ ^ ±h'^,2 ^ ^ ±/ti,3 

where r^^°2 (^''^d r^^,°2 are finite. 

• (low energy) If h is simple and non critical homology and satisfies the conditions 
[DR1]-[DR3] for all energies [—6,Eq + 6]. Then there is an arbitrary small 
perturbation P of P such that ^/e {P — P) is localized in a neighborhood of the 
normally hyperbolic weakly invariant cylinders 

such that 

-pO,Eo I I pO,Eo _ -pO,E I I -pO,E . . -pO,E 
^ h,s ^ ^ -h,s — ±h,l ^ ^ h,2 ^ ^ h,3 ' 

where r^^2 o,re finite. 

Existence of diffusion in both cases bifucation values r*'2 and invariant curve 
values r* 3 require additional transversalities. In the case that A{c) is an invariant 
circle, this transversality condition is equivalent to the transversal intersection of the 
stable and unstable manifolds. This condition can be phrased in terms of the barrier 
functions. 

Similar to the case of single resonance, we need to make some further definitions. 

Let r*|2 be the set of bifurcation c G r*2 such that the set Afgs{c) \ Ags^c) is 
totally disconnected. 

To make an analogous definition for Fa, we need to consider a covering space. 
First we define a covering map of the slow torus T^: 

The covering map induces a covering map of the cotangent bundle 

Let L : T*T^ — )■ T*T'^ be the linear coordinate change associated with the double 
resonance (see section 



3.2), then the map S:=LoHoL ^ defines a symplectic double 



covering map. The Hamiltonian if^ lifts to a Hamiltonian if^ under the double cover. 
We define the set F^^3 as the set c G F* 3 such that the set 

MHf{c)\AHf{c) 

is totally disconnected. 
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Theorem 14. Assume that for the Hamiltonian and an integer homology class h G 



Hi{T'^,7j) the conditions of Theorem 13 are satisfied. Then there exists an additional 
arbitrarily C" small localized perturbation y/e P of ^ P such that for all cohomology 
classes c G F the Aubry sets A{c) of and the Hamiltonian 

Hl = H' + ^tP 

coincide with those of and for these sets satisfy 

1. (high energy) If h is simple, then F^g^ = F^g'^'* and F^g^ = F^g'^'*. 

2. (high energy) If h is non-simple, then F^'f = F^'f'* and F^'^ = F^'^'*. 

3. (low energy) If hi and h[ simple and critical, then F^^°2 = ^^^'"2 and F^^^g = 

rO.Bo;* n -pO.So _ -pO.iJo;* J pO.Eo _ -pO.Bo;* 

J- ±hi,3 "'5 "'5 J- ±h[,2 - ±h[,2 ^ ±h'i,3 ~ ±h[,3 ■ 

4- (low energy) If h is simple and non-critical, then F^^2 = ^^^2'* '^'^^ ^^h°3 ~ 
pO.Eo;* 

±h,3 ■ 

Furthermore, in each case the set F*'* = F*'^ U F*'2 U F*'3 is contained in a single 
forcing class. 

6.3 Equivalent forcing class between kissing cylinders 

Let h = Uihi -\-n2h2 be a non-simple homology class, hi and /i2 are the corresponding 
simple ones. We have proved that the cohomologies F^'^" (resp. F°'^^°) is contained 
in a single respective forcing class. To finally conclude our proof, we will show that 
F^' j° and F°'^^° are equivalent to each other. 

Recall that relation between cohomology of and its rescaling is given by 
Ch{E) = po + Ch{E)y/e and Ch^iE) = po + Chi{E)y/e (see pj). Then in Propositions 



4.2 and 4.3 we modify the latter family of cohomologies Ch^{E) relative to Ch{E). 



With these notations we have the following statement. 

Key Theorem 10. Given Hi G U, there exists Eq =_eo{HQ, Hi,r* ,r) and cq = 
eo{Ho, Hi,r* ,r) > 0, such that the following hold. Let H^ be the perturbed Hamilto- 
nian as in Key Theorem^ For all < e < Eq, there exists cq < -^1,-^2 < 2eo such 
that 



Remark 6.2. Notice that on Figure [i7| the only type of jump needed is the "jump" 
from non-simple homology to simple critical one occurring in cases (b), (d), and (e). 
In all other cases we do not need a "jump" . 
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We will prove the above theorem by proving a specific constrained variational prob- 
lem has a nondegenerate minimum. The minimal of this variational problem corre- 
sponds to a heteroclinic orbit between the Aubry sets AnXchiEi)) and AH^{chj^{E2)) . 
We will first define a variational problem for the slow mechanical system H^, then 
for the perturbed slow system H^, and finally define it for using the associated 



coordinate changes. This is done in Section 12 Now we outline content of the rest 
of the paper. 



In section [7] the main result is Theorem 15, which along with Theorem 4.1 
imply Key Theorem [T| 

In section |8] we prove Key Theorem [3j Proof of Key Theorem [2] is discussed above 
in section 13.21 

Key Theorems [4] and [5] are essentially proved in [13] (see Theorem 5.1 and 5.2). 
In section [9] we discuss our diffusion mechanism and basic notions of weak KAM 
theory: Tonelli Lagrangians/Hamiltonians, overlapping pseudographs, Lax-Oleinik 
mapping, the Aubry, Mather, Mane sets, Mather a and /9-functions. Finally, we 
define forcing relation proposed by Bernard |9]. 

In section [TO] we define basic notions of Mather theory such as barrier func- 
tions, the (projected) Aubry and the (projected) Mane sets, uniform families of La- 
grangians/Hamiltinians, super-differentials and semi-continuity of barrier functions. 
In section 11 we prove Key Theorems [6] (localization of Aubry and Mane sets), [T] 



(graph theorem) and|9] (about forcing relation) along the same homology class. 

As we pointed out in section IgI Key Theorem Isl was essentially proven in [13] (see 



Theorem 6.4 [13]). Proof of Key Theorems [9] in section 11 follows the same scheme. 

In Appendix |A] we study geodesic flows on and prove Theorems |4] and [s] about 
their generic properties. 

In Appendix |B] we derive a normal form for at a double resonance. 

In Appendix [C] we study Legendre-Fenichel transform CJ-'i3{Xh), A > of an 
integer homology class h G i/i(T^,Z) and justify figures 13 and 14 about the shape 
of channels of cohomologies. 

In Appendix |D] we connect channels of cohomologies from single into double res- 
onances. 
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7 Normally hyperbolic invariant cylinders through 
the transition zone into double resonances 



The main result of this section is Theorem 15 Along with Theorem 4.1 [13] this the- 
orem implies Key Theorem [T] about existence of normally hyperbolic weakly invariant 
cylinders. Theorem 4.1 [13] applies 0(e")-away from a (strong) double resonance with 
a < 1/4. However, we need existence of such cylinders 0{^/e)-aMaY from a double 



resonance, which is done in Theorem 15 Proof of Theorem [15] follows the proof of 
Theorem 4.1 [13] with the following modification. 

Proofs of both Theorem 4.1 [T3| and Theorem 15 consists of two steps: find 
a normal form = o $^ (Corollary 3.2 [13] and Theorem 17 respectively) and 
construct an isolating block for (see sections 4 in [13] and section 7.3 respectively). 



The only difference of the two is that in the normal form theorem we show that 



Ho{-)+eZ{-)+eR{-,t), 



where < S for some small predetermined 6 and two different norms. In [13 



we use the standard C^-norm, while in section 7.3 we define a skew-symmetric C 



norm (see rescaling (16)). It might well happen that the C^-norm of ||-R|| blows up 
in a 0(e°)-neighborhood of a double resonance for a > 1/4. This is due to sensitive 
dependence of action variables. The idea of this rescaling is to stretch action variables 
by 1/ ^/e making partial derivatives of R in actions less sensitive. It turns out it does 
not affect applicability of the isolating block arguments as shown in section |7.3[ 



We recall some notations introduced in section 2.1, Fix k = [ki, ko) G (Z^ \0) x Z 
and a resonant line V = = {p & B"^ : ki ■ dpHg + /cq = 0} C B^. We pick a 
complementary resonance k', let 6' = k- {e,t) and 6^ = k' ■ {9,t). We complete it to 
a L : {9,p,t,E) — )■ {9'^ ,9^ ,p^ ,p^ ,t, E'). The averaged pertubation is given by 



Z{9^,p) 




HioL-\9',p',9f,pf,t) d9Ut. 



For a perturbation Hi G W^r, i.e. it satisfies conditions [G0]-[G2] with the pa- 
rameter A > 0, we determine a small 5 = 6{X,r) > and an integer K = K{S,r, k), 
and the set of strong double resonances is defined by 

EK = {peTnB : 3k' = {k[, k'^) e {I? \ 0) X Z, 

fc'^fc, \k'l\k'^\<K, k[- dpHo + k'^ = 0}. 

In section |2.2| we define the passage segments to be the connected components 
of the set F \ Upoes^ ^E^iPo)- Roughly speaking. Key Theorem [l] asserts that the 
following hold for each passage segment. 
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On a neighborhood of each passage segment there exists a convenient normal 
form for the original Hamiltonian if^. 

Using this normal form one can establish existence of a (weakly) normally hyper- 
bolic invariant cylinder C = "over" each pasage segment. This cylinder 
is crumpled in the sense that it is a graph {(O*, P*)(6'-^,p'^,t) : [9^ ,t) G 

QQs 

< £:^^/^ (see also Figure 



T X [aj,aj_|_i] X T} and 
e, the maximum of 



(see Remark 7.1). 



dpf 



7). Asymptotically in 



can be ~ e near fixed order double resonances 



In [13], the above statements are proved for connected components of the set 
T\U^i (Ex). We will now focus on proving the same on the set 



rnf/ i(Ex)\f/^^(Sx). 



7.1 Normally hyperbolic invariant manifolds going into dou- 
ble resonances 

We fix a double resonance 

Po e r^- n r^^„ k' = {k[, k'^) e {i? \ o) x z, ^' ^ k, \k'\ < k 

and consider the resonant segment y^— close to pq. 

Denote by plij)^) G M the solution of the equation dpsHo{pl{pf),pf) = 0. Also 
denote p*{p^) ■= {pl{p^),P^)- Without loss of generality, we assumet p^ = a.t po- 
For M ^ 1, we consider the segment p'^ G [My/e,5e^^^], which overlaps with the 
segment S \ U^^i/e^po) covered in [13]. We consider the neighborhood 



{(^,/,p^t): pfe[M^,56'/% \\Ps-plip^)\\<s}. 
which we sometimes refer to the region of interest. 



(14) 



Theorem 15. There exist a small > and a large M > 1 such that for any 
< e < eoX^^"^ and < 5 < y/soX'^ there exists a map 



{e',P'){9f,pf,t) : T X [Mv^,5e^/6] x T — >T 



X 



^^In this notation we drop dependence of indices j (index of a resonance) and i (index of a passage 
segment in Fj). 
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such that the cylinder 

C = {{e^,f) = {Q\n{e^,pf,ty, pU[MV~e,5e'/% {ef,t)eTxT} 

is weakly invariant with respect to A^^ in the sense that the Hamiltonian vector field 
is tangent to C Fj. The cylinder C is contained in the set 



V:={{e,p,t);pf e[M^e,e"% 

\r-0l{pf)\\^O{el"\), <0(ey^A^/V/^)}, 

and it contains all the full orbits of contained in V. We have the estimates 

\\Q%9f,pf,t) - 9:Xpf)\\ <: 0{\-'6 + 

\\P'{9^,P^,t)-pl{pf)\\ <: V~eO{X--'/'6 + X-'/'V^), 



dpf 



< O 



d{ef,t) 



In notation of section 3.2 we set E = 2M. 



Remark 7.1. Fix a double resonance po G F fl F^, 7^ 0, e.g. \k'\ G [K,2K]. We have 
that 0{e)-close to Pq, 



max 



90^ 



dp-f 



> 



where > means that there is a constant c depending on X,S,r, Hq, Hi,T,k' , but not 
on e. 

In the region close to po, the double resonance normal form applies. Using 

results of section \B.^ the dynamics of is well approximated by dynamics of the 
corresponding mechanical system H"^ = K — U, after rescaling the action component p 
by a factor By Key Theorem ^the Hamiltonian in In{pQ) has a normally 

hyperbolic weakly invariant cylinder A^|f^'^*^' which is a small perturbation of the 

cylinder Ai formed by the union of minimal geodesies with E G [M, 3M] 

(see Section 3.2). Generically there is a nontrivial dependence of'yj^ on E. Rescaling 

back into original action variables leads to 



1 



^^As before in notation C we drop dependence of indices j (index of a resonance) and i (index of 
a passage segment in Tj). 



67 



The rest of the proof is organized as follows. In Section 1J1_ we find a proper 
normal form o and get estimates and properties of $t_r • It is done in two 
steps: 

— determine a good normal form for an autonomous Hamiltonian near a double 
resonance, 

— apply this result to our time-periodic case. 



In Section 7^ we construct an isolating block for the normal form system and 
apply the results of section B, |I3j to finish the proof. 



7.2 A Normal form in the transition zone 
7.2.1 Autonomous case and slow- fast coordinates 

We first state a result for autonomous systems. The time periodic version will come 
as a corollary. We are interested in a normal for a Hamiltonian e^/^-near a strong 
double resonance, but Mye-away from it along one of resonant directions. 



Consider the Hamiltonian H^{(p, J) = Hq{J) + eHi{(p, J), where {(p, J) G T 



X 



(later, we will take d = n + 1). Let B = {\J\ < 1} be the unit ball in M^. Given any 
integer vector k \ {0}, let [k] = max{|A;j|}. To avoid zero denominators in some 
calculations, we make the unusual convention that [(0, ■ ■ ■ ,0)] = 1. 

Fix a regular energy surface and two linearly independent resonances and Tp, 
which intersect at some point Jq. We order resonances: Fg is the first and F^, is the 
second. In the local coordinates near Jq and notations of section 6.2 we have 



6' 



'd-2 



with 9' 



9' 



ki-e + kot and 6'^ = k[ ■ 6 + k'^ t. 

The other variables 6-^ are defined so that change of coordinates from 6 to {6^, 9^) is 
given some matrix A G SL(i{'^)- Define a symplectic linear change of coordinates 



L : 



'9'' 

9f 
J' 



A 9 
A* J 



with 



A* = (A 



Denote action variables J = {J^^ , J^^ , J^) conjugate to 9 = {9^^ ,9^^ ,9^) and J 
(J^**, J^-^). Consider the Hamiltonian in the new coordinates 

H,{9', J^ 9f, Jf) = Ho{J) + eH,{9\ J^ 9^ , J^Q 



(15) 



^^We somewhat abuse notations by denoting iJo and Hi by the same letter. We hope it does not 
lead to confusions. 
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Call these coordinates slow-fast. Note that they distinguish three time scales: slow, 
slow-fast, and fast. In these local coordinates = {J** = 0}. Fix 1 <^ m <S M, 
where m depends on norms of Hq and Hi, while M will be specified later. We are 
interested in a dynamics in a my^-neig hborhood of F^ with J'^ e [M^,e'^/^]. Due 
to the implicit function theorem and convexity of Hq from Hq^Jq) = Ho{0, J^^ , J^) 
one can define a function — J-f{J^f) satisfying this condition. Define in local 
coordinates 

V{m,M, rj,e) = {J: | J - (0, Jl^ , J^{Jt^))\ < m^e}. 

We are looking for normalizing coordinate changes to average out slow-fast and slow 
motions. It turns out that these changes depend on slow-fast and fast action compo- 
nents in much more sensitive than on slow actions. To compensate this consider a 
linear change of coordinates: 

L^,.,:(r^r/,^^J-,J^^JO^ 

Theorem 16. Fix parameters r ^ (i+4, d > 1 and 5 e (0, 1). There exists a constant 
c — Cd > 0, which depends only on d, such that the following holds. 

Let Hq{J) be and Hi{9, J) be C" with ||ifi||c"- = 1- Then for sufficiently small 
e > and K ^ c(5'— ^-3 there exists a symplectic diffeomorphism $ such that, in 
the new coordinates, the Hamiltonian H^ — Hq-\- eHi takes the form 

H,o^^Ho + ei?l(r^ J) + ei?2(^, J) 

with Ri = X]feGZd,|fe|<x, (k'^f ,kf)=o^k{J)e'^'^'^'^'^\ here hk{J) is the k^^ coefficient for the 
Fourier expansion of Hi. 

For a sufficiently large M — M{S, Hq, Hi) and each J^^ G [M^, e^/^] we have 

H^o^oL^ jsf = 

t, J* 

= Ho o L^^jjf + eRi o L^^jsj{9^\ J) + eR, o L^ .,.j{9, J) 
=: HQ + eRi{9'',J) + eR2i9,J) 
11^2 II c2 <S on T X L-^j,fV{m,M,rJ ,e) x T"^"^ 
||$oL^^^./ - Id\\ci < 5y/e for 1 = 0,1, 2. 

Note that ^oL^ jsf should not be viewed as a change of coordinates. It is a rather 
a convenient way to hide blow up of partial derivatives of $ with respect to slow-fast 
and fast action variables. 
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To prove Theorem [16] we need the following basic estimates about the Fourier 
series of a function g{({), J). Given a multi-index a = (ai, . . . , a^), we denote |a| = 

ai + h a^. Denote also k = = J2z^[^]~'^~^ ■ '^'^ avoid cumbersome notations we 

will denote by c various constants independent of all parameters of the problem, but 
d. 

Lemma 7.1. (see e.g. fW], lemma 3.1) For g{(p,.J) E C^{T'^ x B), we have 

1. If I ^ r, we have \\gk{,J)e^^"^^-'^^\0 < [k]^'''\\g\\c-- 

2. Let gk{J) be a series of functions satisfying \\djagk\\co ^ M[k]~^"^^'^^^ holds for 
each multi-index a with \a\ < I, for some M > 0. Then, we have the following 
bound II J2kez^9kiJ)e^''''^''-^^\\c' < cnM. 

3. Let U+g = T.\k\>K akiJ^^""'^^'^^ ■ Then fori -d-l, we have ||n+^||c;i < 



Proof of Theorem [7^ To simplify notations let 

/ = (Ji, /2, //) = {r\ r^, jf), r = (o, rj, J^iJf)), 

Let G{(p, I) be the function that solves the cohomological equation 

{Ho, G} + Hi = Ri + 
where i?+ = ITj^Hi. We have the following explicit formula for G: 

hk{I) 



G{^, I)= J2 ^^^^p2.^(fc-^) 

\k\<K, {k=f,kf)^0 



k ■ diHo^ 



Let be the Hamiltonian flow generated by eG. Setting Ft = Ri + R+ + t(Hi — 
Ri — -R+), we have the standard computation 

dt{{Ho + eFt) o $*)) = edtFt o + e{Ho + eF*, G} o 

= e{dtFt + {Ho, G}) o + e\Ft, G} o 
= t^{Ft,G}o^\ 

Fix I2 = J^^ G [My^, 5e^/^]. Notice that difference with calculations of the proof 
of Theorem 3.2 [13] is two fold: 

— we do not use p-moUifiers and 
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— consider skew-symmetric norms of the remainder with respect to rescaled vari- 
ables. Adapting notations we have L^ j : {(p,I ) — >■ {(p, I) with J2 = /| + 1/^/2, 1-^ = 
I I + ^/e P ^ The key feature is that after rescahng derivatives with respect to slow-fast 
and fast action variables have an additional A/e-f actor. 

Let us estimate the norm of the function R2 := R+ + e ^^{Ft,G} o (^^dt. It 
follows from Lemma [7. II that 

We now focus on the term {Ft, G}o^^dt. To estimate the norm of Ft, it is convenient 
to write Ft = Ft + {1 — t)Ri, where Ft = {1 — t)Rj^ + tHi. Notice that the co effic ients 

then 



7.1 



of the Fourier expansion of Ft is simply a constant times that of Hi, Lemma 
implies that 

\\Ft\\c^ <Y,W"'\\Hi\W = ^WHiWcr 

provided that r > m -|- 4, where as before k = Xlz^t^]"^- "^^^ same estimate applies 
to Ri. Therefore, 

Il-^t||c3 < ll-Rtllc^ + Il-^t||c3 < 2/t||_f/'i||c''-. 

For / G {0,1,2,3} in rescaled variables using J*-^ > C^J£ we have the following 
estimates: 

ll(*-Wib<«^. 

To estimate norms of G we use the following estimates on the derivative of com- 
position of functions: For / : — > M and g : M'^ — y M'^ we have 

\\fog\y<c,4f\yii + \\9\\U). 

For each multi-index |a| < 3 and {k^^ , k^) 7^ 0, we have that 

\\dj^(^hk{T){k-djHoy^^\\co < ^ \\hk\\c\ci\Uk ■ djHoy^Wcic^i 

0:1+0:2=0 

^11 n lll'^^l II TT ||hl+l|| TT II 

< y [fc]-+l"-l||gi||c-- " °r <m[A:]-+H ll-^°llc^ I'^^H^- 



This implies that 

\\Fl 1 



\\G{^J)\\ci <m ll^^ll^'^ll^ollg^ for / = 0,1,2,3. 
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We now apply our estimates to 



IIW,G}||e.< E ||F,||,,.,,||G||,,.,<^^«^*1, 

|ai+a2|<3 ^ 



Notice that the rescaled flow $* o L .s/ satisfies 



eGll^a ^ me- 



I f7 l|2 II w ii^+i 
l-ni lie ll-"0||(74 



< 1. 



Choosing M appropriately for / = 0, 1, 2 we get the following estimate (see e. 
Lemma 3.15): 

m 



?■ [29], 



|<l>*-/d||c^ < me\\G\\ci+i < ||i/i||^.||ifo|lc4^ 



M' 



□ 



7.2.2 Time-periodic setting and reduction to c? = 3 

Consider a time-periodic Hamiltonian H^[6,p,t) = Ho{p) + eHi{6,p,t) with {6,p) G 
X ]R2, t g T. We denote by po the intersection of the resonance and F^,. This 
means 

fci ■ dpH{po) + fco = 0, fcl ■ 5pi/(po) + A^o = 0. 
We consider the autonomous version of the system 

H,{e,p,t,E) = Ho{p) + eH,{e,p,t) + E. 

We can rewrite the Hamiltonian in the form 

H,{e,p,t, E) = Ho{p) + eH,{h ■9 + ko,k[-9 + k'^,p,t) + E, 

Denote 9'' = ki-e + kQ, 6'^ = k[-e + k'Q, 6^ = t, and 6' = {6"', 6'^), we further rewrite 

r^, t, e) = Ho{f) + e + eH,{9\p, t). 

Note that to make the coordinate change {O'^ ,p'^ ,t, E) — > [O'^ ,p'^ ,9^ , J^) symplectic, 
the conjugate coordinates J'^ = ( J'^*, J'^^) and should satisfy 



p 




' 0" 






E 











where B 



ki 
k[ 



Substituting in we have the Hamiltonian 

r^, t) + jf = {Ho{r', r^) + jf) + e^l(e^^ r^, r\ r^, t). 



This Hamiltonian is in the form (15) Applying Theorem 16 get the following 
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Theorem 17. [Normal Form] Let po be a strong double resonance po ETj^n Tp and 
let Hq{p) be a Hamiltonian written in the local slow-fast coordinates defined above. 

Then for each S G (0,1), m > 1, and r > 7, there exist positive parameters 
KQ,eQ,M such that, for each C' Hamiltonian Hi with \\Hi^c^ ^ 1 and each Kq ^ 
K,0 < e ^ 60, there exists a change of coordinates 

^TR : X S X T — > X X T 

defined in V{m, M, J^^ , e) for each J^^ G [My^, 5e^/^] and such that composition of 
$ with a linear rescaling L jsf satisfies 

W^TR ° jsf — Id\\ci ^ 5y/e for each 1 — 0,1,2 
and such that, in the new coordinates, the Hamiltonian Hq + eHi takes the form 

N,^H,o ^TR = Ho{p) + eZ{e'%p) + eR{e,p, t), (17) 

where 

z{e-,p)^ J2 h,{p)e'^''-'- 

keI?,\k\<K,{k'>f ,kS)=0 

and 

\\R o L^ jsfWc^ <S on T X L-^j,fV{m, M, J'J ,e) x T^. 

7.3 Construction of an isolating block 
7.3.1 Auxiliary estimates on the vector field. 

Consider the equation of motion : 

6^ = dpsHo + edps Z + edpsR 
p^ = —edgsZ — edgsR 
< Of = dpfHo + e dpfZ + edpfR . (18) 
pf = -edesR 
i = 1 

v 

It is convenient to treat all variables as those on the lines. Then the system is defined 
onMxRxRxRxR. We will show that this system is a perturbation of the model 
system 

r = dpsHo , p' = -edesZ , ¥ = dpfH^ , pf ^ , i^l. (19) 



73 



By construction the graph of the map 

on T X [My/e, be^^^] x T is invariant for the model flow. For each fixed pf, the point 
{^*{Pf)^Pt{Pf)) is a hyperbohc fixed point of the partial system 

e' = dpsHo{p',pf) , f = -tdesZ{e',f,pf) 

where p^ is seen as a parameter. This hyperbolicity is the key property we will 
use, through the theory of normally hyperbolic invariant manifolds. We notice that 
calculations below are similar to those in section 3.3 [13]. The major difference is that 
the remainder R is not necessarily C"^ -small. Notice that both size of hyperbolicity 
and size of perturbation are e-dependent so there is a competition and application of 
this theory is not straightforward. On top of that we have to deal with the problem of 
non-invariant boundaries. We will however manage to apply the quantitative version 
exposed in Appendix B, [T3] . 

We perform some changes of coordinates in order to put the system in the frame- 
work of Appendix B, [T3|. These coordinates appear naturally from the study of the 
model system as follows. We set 

h{pf) := dl^^MMip^)) , <pf) := -dUsZ{ei{pf),pi{pf)). 

If we fix the variable p^ and consider the model system in {6'^,p'^), we observed that 
this system has a hyperbolic fixed point at (6'^(p-^),p*(p-^)). The linearized system at 
this point is 

9' = b{pf)p' , p' = ea{pf)e'. (20) 
To put this system under a simpler form, it is useful to introduce two parameters 

r(/) := [a-\pf)h{pf)Y'\ A(pO := T\pf)a{pf). 
In the new variables 

^ = T-\pf)e'' + e-^'^T{p^)p' , r] = T-\pf)e' -e-^'^T{pf)p\ 
the linearized system is reduced to the following block-diagonal form: 

i = e'I^K{pf)i , 7) = -ei/2A(/)r^. 

X = T-\pfW - 01{P^)) + t-^'^npf){f - plipf)) 

y = T-\pfW - dl{p^)) - e-'''T{pf){f - pUpf )), (21) 
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where 7 is a parameter which will be taken later equal to (5^/^. Note that 



V 

The next three lemmas are proven in 
Lemma 7.2. We have A{pf) ^ a/A/D / for each e [My/e,5e^/^]. 

Lemma 7.3. On the domain \\x\\ ^ p, \\y\\ ^ p, we have the estimates 
\\T\\ = 0(A-^/^), \\T-^\\ = 0(1), \\dpfT\\ ^ 0{X-^/^), 
\\d,fT--'/'\\ ^ 0(A-3/^), \\d,f9:\\ ^ O(A-i), 

\\pl\\c2 = o{i), \\e^-ei\\^o{x-'/''p), \\p^-pi\\^o{e'/'p). 

Lemma 7.4. The equations of motion in the new coordinates take the form 

X = -V~eA{V~eP)x + V~eO{\~'/^6 + A-^^V) + 0(e) 
y = ^tA{^tlf)y + ^tO{\-^'^5 + A-^V) + 0(e) 
// = 0(v^5), 

where p = max(||x||, \\y\\) is assumed to satisfy p ^ A. The expression for is not 
useful here. 



Lemma 7.5. In the new coordinate system {x,y,Q, I ,t) , the linearized system is 
given by the matrix 



VeA 0" 

-v^A 









where p = max(||a;||, \\y\ 
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Proof of Lemma 7^, Most of the estimates below are based on Lemma 7^ 
In the original coordinates, the matrix of the linearized system is: 



0(e) 

0(e) 





9p%.i/o + 0(e 
92 





0(e) " 
i7o + 0(e) 0(5e) 





^2 
p^ p-^ 



o + 0(e) 
0(e) 

^0 + 0(e) 





■ 



0(5e) 





e ■ 












^Ifp- R 














-^Ife- R 







d\ s R 

pj pB 


^Isef R 


d^s f R 

p' pj 


'^pft 











-^Ifef R 





















R 



In our notations for the first part of the matrix we have 



0(e) B + 0{e + ^p) 

-eA + 0(eA-i/V) 0(e) 

0(e) 0(1) 0{6e) 







0(e) 
0(1) 







In the new coordinates, the matrix is the product 



L 



d{x,y,Q,I,t) 



■L- 



d{x,y,Q,I,t) 



We have 



+ 



" 


0{6e) 





d{9',p',9f,pf,t) 
d{x,y,Q,I,t) 



T/2 







T/2 















0(v/^A-i) 01 
V~edpfpl + OieX-^/'p) 




1 
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Therefore, 

d{x,y,Q,I,t) 



AT + 0{^f€\-^l'^p) ^eAT + 0{yfe\-^/'^p) 

0(1) 





+ £ 



0(1) 














" 











D+ 

















7 











yfedpfpsR 
—■^/edpfgsR 
D 

— ^dpfgfR 














dpftR 





0(ViA-3/V + €A-i^ 
eO(A-5/V + A-i) 
0(1) 













where 



D± — dpfffsR • T ± ^/e dpfpsR • T 

D ^^fe [dpSesR 0(A-^) + dpSpsR {dpspl + ^^eO{\-^'^p)) + dpSpfR] 



(22) 



This expression is the result of a tedious, but obvious, computation. Let us just 
detail the computation of the coefficient on the first line, fourth row which contain 
an important cancelation: 



V~edl.psH,dpspl{f) + VedlfpMo + 0{e\ 



"3/4 



P 



We now write 



d{x,y,e,I,t) 
d{9^,p%9f,pf,t)^ 









e-V2T 0(e-i/2A-i/^) 
-e-V^T 0(e-V2A-V4) 

7 
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and compute that 



0(eA-3/V) 
0(7v^) 



0{^e\-y'p) 
-V^A + 0(v/^A-3/V) 



where 


















































B_ 









dpfgfR 




idpftR 











— dpfgfR 
























0(56) 






0(eA-5/4) ' 
0(eA-5/^) 
0(7v^) 0(576) 













e T ^dpfpsR ± T dpfgsR + 0(A '^^^) dpfgfR. 



Now we substitute our knowledge of derivatives. By Theorem [17] we have 

5 



\dpfgsRl \d f sR\ < 



Substituting this into -B's and Z^'s we have 



e\D\ <6 0{eX-^ + ^/^\-^/^p + ^/I). 

e\D±\ < 6 0{e + y/e). 

e\B±\ <5 0(£ + v^ + A-^/^v^). 



Conclude the second part of the linearization L has entries bounded by 0{5 y/e A ^/^). 
This completes the proof. □ 

7.3.2 Constructing the isolation block 

In order to prove the existence of a normally hyperbolic invariant strip (for the lifted 
system), we apply Proposition B.3 [13] to the system in coordinates {x,y,Q, I ,t). 
More precisely, with the notations of Appendix B [13], we set: 



u = x,s = y,ci = (0, t),C2 = I,^ 



X n 



C2 



We fix 7 = a/5 and a 
a = Ae-^/V2, so that 



'eX/AD, recall that ^/eA ^ 2al, by Lemma 



7.2 



We take 
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We assume that e satisfies < e < e^X''^'^ and ^ 5 < ^/eoA^. We can apply 
Proposition B.3 [13] with 5" = {u : ||n|| ^ p} and 5^ = {s : ^ p} provided 

eo + A-i/^v^) ^ p ^ 2el^'X'/\ (23) 

It is easy to check under our assumptions on the parameters that such values of p 
exist. These estimates along with Lemma 7^ imply that 

Provided that the cylinder C exists, this gives the first set of estimates in Theorem 

Let us check the isolating block condition. By Lemma 7_A^ we have 
x-x^ 2a\\xf - \\x\\ 0{e'/^X''/^5 + e^/^A-^/y ^ ^) 
if X G B^,y G B^. If in addition ||a;|| = p, then from the lower bound on p we have 

X-'/'S^e'J'WxW , A-^V ^ 2eyix|| , ^ e'J'\\x\\, 

hence 



X ■ X ^ 2a||x|p — ||x||^eg^^O("\/eA) ^ 

provided eo is small enough. Similarly, y ■ y ^ — on 5" x dB^ provided eo is 
small enough. Concerning the linearized system, we have 

L^u = VeA + 0(v^5A-i/S~' + v^A'^/^ + eA'^/^ + ^^7) 

L,, = -y^A + 0{el^^V^) ^ -al 

on 5" X 5^ X l^o-. These inequalities holds when eo is small enough because i/eA ^ 2a;/ 
and \/~eX ^ 0(a). Finally, still with the notations of Proposition B.3 [13], as in the 
previous estimate for L„„ we take 

m = 0(v^5A-i/S-i + ^eX-^/^p + eA"^/^ + v^7 + v^V^) 
= v^O(v^A-3/4 ^ ^^-5/4 ^ ^^x~'/^) = v^O(e;/'). 

If eo is small enough, we have Am < a hence K ^ 2m/ a ^ 0{ey^) < 2^^/^, and 
Proposition B.3 [13] applies. The invariant strip obtained from the proof of this 
Proposition does not depend on the choice of p. It contains all the full orbits contained 
in 

{a; : ||x|| ^ e^'A-^/'} x {y : \\y\\ <: e^^X"'''^} x M x [M^he"^''^] x M, (24) 
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hence all the full orbits contained in V, as defined in the statement of Theorem [TSj 
The possibility of taking p = eQ^^\X~^/^6 + A^^/^y^) now implies that the cylinder 
is actually contained in the domain where 



\\y\ 



Moreover, with this choice of p and using the estimate for m we have that K = 
0(m/v^) = 0(4^'). 

Observe finally that, since the system is l/7-periodic in G and 1-periodic in t, so 
is the invariant strip that we obtain, as follows from Proposition B.2 [13]. We have 
obtained the existence of a map 

w" = «, w1) : (6, /, t) G M X [M, 5e"^/^] x M — yRxR 

which is 2i^-Lipschitz, l/7-periodic in 6 and 1-periodic in t, and the graph of which 
is weakly invariant. 

Our last task is to return to the original coordinates by setting 

e^{e^,p^,t) = ei{pf) + \T{pf) ■ {w: + w:){^ef,e-'/y,t) 



All the estimates stated in Theorem 15 follow directly from these expressions, and 



from the fact that ^ 2K. This concludes the proof of Theorem 15 □ 
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8 Proof of Key Theorem |3| about existence of in- 
variant cylinders at double resonances 

Key Theorem [3] follows from Theorem [7| Theorem [7| in turn, follows from Theorem 

El 

The proof of Theorem [6] consists of two main parts: 

• study properties of the local maps to establish hyperbolicity 

• using hyperbolicity of the local map, construct a isolating block of Conley- 
McGehee [63] for various compositions of global and local maps. 

Analysis of properties of the local map has three steps: 



In section we derive a finitely-smooth normal form in a neighborhood of the 
origin. 



In section 8.2 we derive certain hyperbolic properties of the local map $ 



the map from a subset inside of the (incoming) section to the (outgoing) section 
E!; (see Figure |9|). 

In section 8^, using that eigenvalues are distinct, we establish strong hyperbolicity 
of the local map as well as existence of unstable cones Since the global maps 
^*giob have bounded time, they have bounded norms and the linearization of the proper 
compositions ^^h^^oc dominated by the local component. 



In section 8.4 we give definition and derive simple properties of isolating blocks of 



Conley-McGehee 



In section 8.5, under non- degeneracy conditions [Al]-[A4], we construct isolating 
blocks for the proper compositions of ^*giob^lioc- This proves Theorem |6] for simple 
loops. 

In section 8.6 we extend this analysis tp ^*giob^Lc ' ' ' ^*giob^*ioc- This would im- 
ply existence of families of shadowing orbits in non-simple case. This would prove 
Theorem |6l 

In section 8/7 we complete a proof of Theorem [7] by showing that periodic orbits 
constructed in Theorem [6] are hyperbolic and their union forms a normally hyperbolic 
invariant cylinder. 

Now we assume that the Hamiltonian is C'^^^ with k > 9. In Section 8.8 using 
approximation arguments we remove this condition. 



^^One can expect this as near the origin eigenvalues (— A2 < — Ai < < Ai < A2) dominate the 
hnearization of the flow and provide hyperbolicity. The closer orbits pass to the origin the stronger 
hyperbolicity of the local map 
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8.1 Normal form near the hyperbolic fixed point 

We descirbe a normal form near the hyperbolic fixed point (assumed to be (0, 0)) of 
the slow Hamiltonian : x — )■ M. For the rest of this section, we drop the 
supcript s to abrieviate notations. In a neighborhood of the origin, there exists a a 
symplectic linear change of coordinates under which the system has the normal form 

H{ui, U2, Si, S2) = AiSiMi + A2S2-U2 + 0-i{s, u). 

Here s = (si,S2), u = {ui,U2), and 0„(s,-u) stands for a function bounded by 
C\is,uT. 

The main result of this section is the following improved normal form 

Theorem 18. Let H be C^'^^ with k > 9, then there exists neighborhood U of the 
origin, m = m(A2, Ai, k), and a change of coordinates ^ onU such that = Ho^ 
is a polynomial of degree m of the form 







'^ui 'm 




"-A1S1 + Fi 


[s 


u 


S2 








—X2S2 + F2 


is 


u 


ill 




ds^Nm 




Xui + Gi( 


s, 


u] 


U2 




ds^Nm 




\U2 + G2( 


s, 





(25) 



where 

Fi = siOi{s,u) + S20i{s,u), F2 = slO{l) + S20i{s,u), 

Gi = uiOi{s,u) + U20i{s,u), G2 = MiO(l) + U20i{s,u). 

The proof consists of two steps: first, we do some preliminary normal form and 
then apply a theorem of Belitskii-Samovol (see, for example, [22] )• 

Since (0, 0) is a hyperbolic fixed point, for sufficiently small r > 0, there exists 
stable manifold = {{u = U{s),\s\ < r} and unstable manifold = {s = 
S{u), \u\ < r} containing the origin. All points on W''^ converges to (0, 0) exponentially 
in forward time, while all points on converges to (0, 0) exponentially in backward 
time. These manifolds are Lagrangian; as a consequence, the change of coordinates 
s' = s — S{u), u' = u — U{s') = u — U{s — S{u)) is symplectic. Under the new 
coordinates, we have that = {u' = 0} and = {s' = 0}. We abuse notation 
and keep using (s, u) to denote the new coordinate system. 

Under the new coordinate system, the Hamiltonian has the form 

H{s, u) = XiSiUi + X2S2U2 + Hi{s, u), 

where H{s,u) = 03(3, u) and Hi{s,u)\s=o = Hi{s,u)\u=o = 0. Let us denote Hq = 
AiSiMi + A2S2M2- We now perform a further step of normalization. 
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We say an tuple (a, /3) G x is resonant if XlLi ~ f^i) = 0- Note that 
an (a, /3) with a, = /3j for i = 1,2 is always resonant. A monomial ■u^'^Mg^s^^sf^ is 
resonant if (a, /3) is resonant. Otherwise, we call it nonresonant. It is well known 
that a Hamiltonian can always be transformed, via a formal power series, to an 
Hamiltonian with only resonant terms (see e.g. [7^, section 30, for example). We 
do not use Hamiltonian structure of the flow. Thus, it suffices to have an analogous 
claim for vector fields with a coordinate change being only finitely smooth. For a 
complex G C denote 3fJ/i the real part of fi. 

Theorem 19 (Belitskii-Samovol). Let k be positive integer. Assume that the 
vector field x = F{x) is of class , x = is a hyperbolic saddle point F{0) = 
and A = DF{0) is the linearization. Let X = (Ai, . . . , A„) G C" be the spectrum of 
A. Suppose real parts of Aj 's are all nonzero and pairwise disjoint. If K > dk + 1, 
then for some positive integer m, this vector field near the point by a transformation 
y = $(a;),$ G C^, can be reduced to the polynomial resonant normal form 

m 

y = ^y+^ PrV^, 

|r|=2 

where r G Z" and pr denotes vector coefficients of a multi-homogeneous polynomial 

Pr = {pI, ■ ■ ■ ,Pr) andpl 7^ for some i = 1, . . . ,n implies ^RAj = r-'^3?AiH \-T"'^Xn 

(by the resonant condition). 

In [22] there is an upper bound on m. One can also find A-dependent lower bounds 
on smoothness exponent K there. 

Application of this Theorem with n = 4, k = 2, K = 9, X = (— A2, — Ai, Ai, A2), < 
Ai < A2 gives existence of a C^-change of coordinates $ such that Nm = Ho^ consists 
of only resonant monomials. 

We abuse notations by replacing {s',u') with {s,u). Using our assumption that 
< Ai < A2, we have that all (a, (3) with a 7^ /3, ai = 1 and 0:2 = are nonresonant, 
and similarly, all {a,P) with a ^ /3, (3i = 1 and /32 = are nonresonant. Furthermore, 
by performing the straightening of stable/unstable manifolds again if necessary, we 
may assume that Nm\s=o = A^mU=o = 0. As a consequence, the normal form Nm 
must take the following form: 

Corollary 8.1. The normal form satisfies 

Njn = AiSiMi + A2S2'U2 + 
+0i{uls2) + Oi(sX) + Oi{slu2) + Oi{s2ul) + Oi(SiMiS2M2) + Oi{slul). 

In particular, we have = AiSi^i + A2S2M2 + 03{s,u). 
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Explicit differentiation of tfie remainder terms implies the form of partial deriva- 



tives of Nm given by Fi, F2, Gi, 6*2 in Theorem [T8| Notice that bounds are not 
optimal, but sufficient for our purposes. 

8.2 Behavior of a family of orbits passing near and Shil'ni- 
kov boundary value problem 

The main result of this section is the following 

Theorem 20. Let (s^, u^) he a family of orbits satisfying s^(0) — y s*" as T — > 00 
with Si=6 and u^{T) — > as T — > 00 with = 5 with < 25, where 

5 is small enough. Then there exists Tq, C > and a > 1 such that for each T > Tq 
and all < t < T we have 

\si{t)\<c\sj{tr, \u^,{t)\<c\u^{tr. 

In particular, the curve 

{{sJ{T),s'^{T))}t>To cJ:1 = {sf{0) = 6} IS tangent to the 
Si-axis at T = 00 and {(^f (0), mJ(0))}t>t'o C = {sf(0) = 6} is tangent to the 
Ui-axis at T = 00. 

We will use the local normal form to study the local maps. Our main technical tool 
to prove the above Theorem is the following boundary value problem due to Shil'nikov 
(see tlQj): 

Proposition 8.2. There exists > such that for any < k < kq, there exist 
5 > such that the following hold. For any s*"" = (s^jSg"), = with 
|s|, |m| < 5 and any large T > 0, there exists a unique solution {s'^,u'^) : [0,T] — > B, 



s 



of the system (25) with the property s'^{0) = s*" and v?-{T) = Let 

{s'~^\u^'^){t) = (e"^i*sf , e-^2*4", e-^i(^-*)<"*, e-^^^^-*)^""*), (26) 

we have 

|sf (t) - s['\t)\ < 5e-^^^-^^\ |4(t) - si'\t)\ < 5e-^^'^''^^\ 
\u^it) - u['\t)\ < <5e-(^-'')(^-*), \u^it) - u^^\t)\ < 5e-(^^-2.)(T-t)^ 

where = min{A2,2Ai}. Furthermore, for si and ui, we have an additional lower 
bound estimate: 

\sl{t)\ > \ \sr\ e-(^^+'^)*, \ul{t)\ > I K*| e-("^+'')(^-*). (27) 



Note that for (27) to hold, the choice of 5 needs to depend on a lower bound for \s^{^ 
and 
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Proof. Let F denote the set of all smooth curves {s,u) : [0,T] — y B{0,6) such that 



the s(0) = (sf , 5*2") and u{T) 
J^{s,u) = (5, u), where 



out „,out 

1 5 



We define a map J-" : V 



r by 



§2 = e-^2*4" + 



Ml 



U2 



-\2{T-t) out _ 

Lilt) 



e-^^(«-*)Gi(.(0,«(0)^e, 
e-A.(€-*)G2(s(0,«(0)rfe 



It is proved in [70] that for sufficiently small 6, the map J-" is a contraction in the 
uniform norm. Let s^^\u^^^ be as defined in (26) and (s^^~^^\u^'''^^^) = J-'{s^''\u^''^), 
then ■u*^^-') converges to the solution of the boundary value problem. Using the 
normal form (25), we will provide precise estimates on the sequence {s^''\ u^'^^) . The 
upper bound estimates are consequences of the following: 



{t)\ < 2-He-'-^'^-^^\ 



We have 

\sf\t) - s^\t)\ 



< 



,Ai(5-t) 



s['\0 0,{s,u) + s^^\OO^is,u) 
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Note that the last inequahty can be guaranteed by choosing 5 <C ^n. Similarly 



\s?\t)-sl'>{t)\= I e 
Jo 



< 



Jo 



e-^'^^rfe < Cdhe-'"'^' < C6' — e"^^^ 

2k 

1 



- 2 

Observe that the calculations for ui and U2 are identical if we replace t with T — t. 
We obtain 



According to the normal form (25), we have there exists C" > such that 



\\d,F4<C'\\{s,u)l \\d^F4<C'\\s\\. 

Using the inductive hypothesis for step fc, we have < 25e'''^^^~'^'^^ . It follows 

that 



< [ e--- - [WO.sJ'iW \\s 
Jo 



XFiW \\u 



11) 



<C' [ e^i(«-*) {52-''5e^^^'^''^^ + 5e~^^'-''^^2-''6) 
Jo 

< 2-''5e-^^'-'''^^ [ 2C'e'^^5d^ < 2-(''+^^Se-^^'-^^K 
Jo 



Note that the last inequality can be guaranteed by choosing 6 sufficiently small de- 
pending on C and k. The estimates for S2 needs more detailed analysis. We write 



Jo 



'1 



?«-^2||||m 



(fc+1) (fc+1) 



d^ 



{1 + 11 + III)dC 
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We have \\ds,F2\\ = Oi(si)0(l) + Oi(s2)0(l), hence 

Since \\ds,F2\\ = 02(si) + Oi{s,u) = Oi{s,u), we have // < C''522-fcg-(A^-2«)^_ p^, 
nally, as ||i9m-F2|| = 02{si) + Oi(s2)0(l), we have 

/// < C"2-'=5(52e-2(Ai-)€ + 5g-(A^-2.)5) < ^/2-fc52g-(A^-2«)^_ 

Note that in the last hne, we used < 2Ai. Combine the estimates obtained, we 
have 

Jo 

Jo 

The estimates for ui and U2 follow from symmetry. 

We now prove the lower bound estimates (27). We will first prove the estimates 
for Si in the case of s]^" > 0. We have the following differential inequality 

h > -(Ai + C'5)si + S20i{s, u). 

Note that \s2{t)\ < 25e^'^2* due to the already established upper bound estimates. 
Choose 6 such that C'6 < k, we have 



For the last inequality to hold, we choose small enough such that A2 — Ai — 3k > 0, 
and choose 5 such that 2C'S^{X'2 - Ai - 3k)-^ < . 

The case when s^{^ < follows from applying the above analysis to —si. The 
estimates for ui can be obtained by replacing with Ui and t with T — t in the above 
analysis. □ 



Proof of Theore'm\2^ The following estimate follows from Proposition 8.2 that > 
||s^"|e^'''^^+''^* and |s|'(t)| < 25e~^^^~'^'^^^. We obtain the estimates for si and S2 by 
choosing a = and C = 45/|sf |. The case of Ml and U2 can be proved simi- 

larly. □ 
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8.3 Properties of the local maps 

Recall that 7"'" is a homoclinic orbit satisfying the conditions [A1]-[A4], and 7" is its 
time-reversal. Denote = (s^,0) = 7^nE^ and = (0,m^) = 7^nS^. Although 
the local map $1^^ is not defined at (and its inverse is not defined at g"*"), the map 
is well defined from a neighborhood close to to a neighborhood close to q^. In 



particular, for any T > 0, by Proposition 8.2, there exists a trajectory (s,m)J of the 
Hamiltonian fiow such that 

4+(0) = s+, n++(T)=M+. 

Denote x^~^ = {s,u)^'^{0) and y^^^ = (s,m)J^(T), we have ^ioci^T~^) = ^/r"^' 
xj"*" — )■ y^^ — )■ g+ as T — )■ 00. We apply the same procedure to other local 
maps and extend the notations by changing the superscripts accordingly. 



Let N = Nk{s,u) be the Hamiltonian in the normal form from Theorem 18 
E(T) = N{{s,u)^^) be the energy of the orbit, and Se(t) = {N = E(T)} be the 
corresponding energy surface. We will show that the domain of ^io^Ise^t) '^^^ 
extended to a larger subset of S^'^*'"^'' containing xj^. We call R C fl Se{t) a 
rectangle if it is bounded by four vertices xi, ■ ■ ■ ,X4 and curves •jij connecting 
Xi and Xj, where ij G {12,34,13,24}. The curves does not intersect except at the 
vertices. Denote Bs{x) the (5-ball around x and the local parts of invariant manifolds 

s+ = w'{o) n s; n Bs{p+), s+ = w^"(o) n s!; n Bs{q+) 

and the S-sections restricted to an energy surface Se by 

s^^ = ^XnSE and = s^; n Se. 

The main result of this section is the following 

Theorem 21. There exists So > and Tq > such that for any T > Tq and < 

6 < 60, there exists a rectangle R'^^{T) C E^^*-'^'*, with vertices Xi{T) and -smooth 
sides 'yij{T), such that the following hold: 

1. is well defined on R'^^iT). $jJ^^(i?"'""'"(T)) is also a rectangle with vertices 
x\{T) and sides •yljiT). 

2. As T — > 0, 712(7") and 734(T) hoth converge in Hausdorff metric to a single 
curve containing 7^3 (T) and 724(7") converges to a single curve containing 

y+ 

The same conclusions, after substituting the superscripts according to the signatures 
of the map, hold for other local maps. 
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Figure 18: Local map ^jj^^ 



To get a picture of Theorem 21 , note that for a given energy £" > 0, the restricted 
sections S^'^ and Yi^^ are both transversal to the si and mi axes, and hence these 
sections can be parametrized by the S2 and U2 components. An illustration of the 



local maps and the rectangles is contained in Figure [18] and [19 
We will only prove Theorem 



21 



for the local map $10^. The proof for the other 



local maps are identical with proper changes of notations. 



Let iv 



denote the coordinates for the tangent space induced by 
(si, S2, Ml, M2)- As before Br denotes the r— neighborhood of the origin. For c > 
and X e Bj., we define the strong unstable cone by 



C^'^x) = {c\v^ 
and the strong stable cone to be 



> + \Vsi\ + \Vs2\ } 



[X 



{c\v, 



S2 I 



> V 



"2 I 



The following properties follows from the fact that the linearization of the flow at is 
hyperbolic. We will drop the superscript c when the dependence in c is not stressed. 



Lemma 8.3. For any < n < X2 

holds: 



Xi, there exists r = r{K,c) such that the following 



If^tix) e Br forO <t < to, then D^tiC'^ix)) C C"(v9t(a;)) for all < t < to. 
Furthermore, for any v G C"(a;), 

\Diptix)v\ > e^^^-'^)*^ 0<t<tc 



to- 



If^-t{x) e Br for < t < to, then D^^t{C'{x)) C C"(v?-t(x)) for all < t < 
to- Furthermore, for any v G C'^(x), 

\Dip^tix)v\ > e^^^"")*, 0<t<to. 
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Figure 19: Rectangles mapped under $ 



loc 



For each energy surface E, we define the restricted cones C^{x) = C^{x) fl T^Se 
and C'e{x) = C'{x)nT^SE. 

Warning: Recall that the Hamiltonian under consideration by Theorem 



has the form Nk = XiSiUi + \2S2U2 + 0^{s,u). It is easy to see that the restricted 
cones Ce{x) and C%{x) might he empty. Excluding this case requires special care! 

Since the energy surface is invariant under the flow, its tangent space is also 
invariant. We have the following observation: 

Lemma 8.4. If (ft{x) G Bj. for < t < to, then is invariant under the map D(ft 
for < t < to- In particular, if C^ix) 7^ 0, then CE{^t{x)) 7^ 0. Similar conclusions 
hold for C% ^'''^^ V'-i- 

Let X be such that ipt{x) G Bj. H Se for < t < to. A Lipschitz curve 7|;(a;) is 
called stable if its forward image stays in i?^ for < t < to^ and that the curve and 
all its forward images are tangent to the restricted stable cone field {C^}. For y such 
that f-t{y) E Br r\ Se for < t < to, we may define the unstable curve 7^(1/) in 
the same way with t replaced by —t and C'e replaced by Ce- Notice that stable and 
unstable curves are not in the tangent space, but in the phase space. 



Proposition 8.5. In notations of Lemma 8^ assume that x,y E Se satisfies the 
following conditions. 
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• ^Pt{x) EBrCiSE and ^P-t{y) E Br C) Se for < t < to- 

• The restricted cone fields are not empty. Moreover, there exists a > such 
that C^i^iftoiz)) ^ for z e Ua{(pto{x)) n Se, and C^^iip-toi^')) ^ for each 
z' e Ua{ip-t,{y))nSE. 

Then there exists at least one stable curve 7|;(a;) and one unstable curve ^'%{y). 

If a > y/c'^ + 1 re^^-^'^^'^^^o ^ ^j^^^ ^/^g stable curve 7|;(a;) and the unstable one 'jEiy) 
can be extended to the boundary of Br{x) and of Br{y) respectively. Furthermore, 

\\ipt{x) - ipt{xi)\\ < e-^^^-^^\ xi e 7|;(x), 0<t<to 

and 

y^tiy) - v-t{yi)\\ < e-(^^-«)*, yi e 7«(y), 0<t<to. 
It is possible to choose the curves to be . 

Remcirk 8.1. The stable and unstable curves are not unique. Locally, there exists a 
cone family such that any curve tangent to this cone family is a stable/unstable curve. 

Proof. Let us denote x' — 97*0 (^)- Prom the smoothness of the flow, we have that 
there exist neighborhoods U ol x and U' of x' such that (pto{U) — U' and (pt{U) G B^ 
for all < t < to- By intersecting U' with Ua{x') if necessary, we may assume that 
U' C Ua{x'). We have that C'e\z) ^ for aU z e U' . It then follows that there 
exists a curve 7|;(a;') C U' that is tangent to Cg'^. As Cg*^ is backward invariant with 
respect to the flow, we have that ip^tilhi^')) ^^^o tangent to C^^'^ for < t < to- 
Let dist{'y%) denote the length of the curve and let 7|;(x) = (p^toiYi^'))- K follows 
from the properties of the cone held that 

dist{YE{x)) > e^^^-'^)*" dist{YE{x')). 

Wc also remark that from the fact that 7^(.t) is tangent to the cone field C'^'^{x), the 
Euclidean diameter (the largest Euclidean distance between two points) of 7|;(a;) is 
bounded by dist{'y^{x)) from below and by /(7|;(a;)) from above. 

Let xi be one of the end points of 7|;(a;) and x'^ = iptQ{xi). We may apply the 
same arguments to xi and x[, and extend the curves Je{x) and Je{x') beyond xi and 
x'l, unless either xi G OB,, or x'l G dUa{x'). This extension can be made keeping the 

smoothness of 7. Denote 7|;(a;)|[a;, Xi] the segment on Je{^) from x to Xi. We 
have that 

lla^i — x'll < dist{'y'^{x')\[x' ,x[]) < 
< e-^^^-^^'° dist{'y%{x)\[x,xi]) < e'^^^-'^^'^Wx - xi\\\/^^Tl. 



91 



It follows that if a > r^(? + 1 e~(''*2~'*)*o^ x\ will always reach boundary of before 
x\ reaches the boundary of Ua{x'). This proves that the stable curve can be extended 
to the boundary of Br- 

The estimate ||y9t(a;) — (y9f(a;i)|| < e"'''^^ follows directly from the earlier estimate 
of the arc-length. This concludes our proof of the proposition for stable curves. The 
proof for unstable curves follows from the same argument, but with C^'^ replaced by 
C^''^ and t by —t. □ 



In order to apply Proposition 8.5| to the local map, we need to show that the 



restricted cone fields are not empty, (see also the warning after Lemma 8.3) 

Lemma 8.6. There exists < a < 6 and c > such that for any x = (s, u) G S^'^ 
with \\u\\ < a, and \s2\ < 26, we have C^'^{x) ^ 0. Similarly, for any y G S"'^ with 
\s\ < a and \u2\ < 26, we have C^'^{y) ^ 0. 

Proof. We note that 

VA^ = (AiMi + uOi, X2U2 + uOi, XiSi + sOi, X2S2 + sOi), 

and hence for small VA^ ~ (0, 0, AiSi, A2S2). Since |s2| < 26 = 2\si\ on S^, we 
have the angle between VA^ and ui axis is bounded from below. As a consequence, 
there exists c > 0, such that C"'^ has nonempty intersection with the tangent direction 
of Se (which is orthogonal to VA^). The lemma follows. □ 



Proof of Theorem 2J_. We will apply Proposition 8.5 to the pair x^~^ and y^~^ which 
we will denote by xt and yr for short. Since the curve 7+ is tangent to the si-axis, 
for 6 sufficiently small, we have p+ = {6, s^, 0, 0) satisfies |s2| < 6. As xt — > p~^, for 
sufficiently large T, we hav e xt = (si, S2, Mi, M2) satisfy \u\ < a/2 and |s2| < 35/2, 



where a is as in Lemma 



8.6 



As a consequence, for each x' G Ua/2{xT) H , we have 



C^'^{x') 7^ 0. Similarly, we conclude that for each y' G Ua/2{yT) H S"' , C^'^ly') 7^ 0. 
We may choose Tq such that a/2 > y/c^ + lre~^'^^'^'^^^° . 

Let 7 be a stable curve containing xt extended to the boundary of Br/2- Denote 
the intersection with the boundary Xi and X2 and let yi and I/2 be their images under 
ifT- Let 7^3 and 724 be unstable curves containing yi and I/2 extended to the boundary 
of Br, and let 713 and 724 be their preimages under ipT- Pick xi and X3 on the curve 
7i3 and let yi and y^ be their images. It is possible to pick xi and X3 such that the 
segment yiy^ on 7^3 extends beyond Br/2- We now let 712 and 734 be stable curves 
containing Xi and X3 that intersects 724 at X2 and x^. 

Note that by construction, 7 and 7^3 are extended to the boundary of Br/2- As the 
parameter T — > 00, the limit of the corresponding curves still extends to the bound- 



ary of Br/2, which contains 7^ and 7^ respectively. Moreover, by Proposition 8.5 
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the Hausdorff distance between 712, 734 and 7 is exponentially small in T, hence they 
have a common limit. The same can be said about 7^3 and 734. 

There exists a Poincare map taking 712 and 734 to curves on the section E^; we 
abuse notation and still call them 712 and 734. Similarly, 7^3 and 734 can also be 
mapped to the section H'^ by a Poincare map. These curves on the sections and 

completely determines the rectangle R'^~^{T) C E^^*'"^''. Note that the limiting 
properties described in the previous paragraph is unaffected by the Poincare map. 



This concludes the proof of Theorem 21 □ 



By construction curves 712 and 734 can be selected as stable and 714 and 723 — 
as unstable. It leads to the following 

Corollary 8.7. There exists Tq > such that the following hold. 

1. For T > Tq, $giob o $j^^(i?++(T)) intersects -R^^(T) transversally. Moreover, 
the images 0/713 and 724 intersect 712 and 734 transversally, and the images of 
7i2 and 734 does not intersect i?++(T). 

2. For T > To, $ 

glob ° "^loc (-^ (^)) intersects R (T) transversally. 

3. For T,T' > Tq such that R~^~{T) and R~~^{T') are on the same energy surface: 
'^giob°'^io^^(^^"(^)) intersect R-+{T') transversally, and $+^1^0 (T')) 
intersect i?+~(T) transversally. 

Remark 8.2. Later we show that, for fixed T, the value T' satisfying condition in 
the third item is unique. 

In the next three sections we prove existence and uniqueness of shadowing period 
orbits. This results in a proof of Theorem [6j 

8.4 Conley-McGehee isolating blocks 



We will use Theorem 21 to prove Theorem [6] We apply the construction in the 
previous section to all four local maps in the neighborhoods of the points and , 
and obtain the corresponding rectangles. 

For the map $giob ° ^iot\^E{T), the rectangle R'^~^(T) is an isolating block in the 
sense of Conley and McGehee ([63]), defined as follows. 

A rectangle R = h x I2 C R'^ x h = {\\xi\\ < 1}, h = {\\x2\\ < 1} is called 
an isolating block for the diffeomorphism $, if the following hold: 

1. The projection of $(-R) to the first component covers Ji. 

2. X 5/2 is homotopically equivalent to the identity restricted on the set 
Ji X (M'^ \ int I2). 
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If R is an isolating block of $, then the set 

W+ = {xeR: eR, k>0} 

(resp. W- = {x eR: $-'=(a;) E R, k > 0}) 

projects onto Ji (resp. onto I2) (see [63j). If some additional cone conditions are 
satisfied, then and W~ are in fact graphs. Note that in this case, fl W~ 
is the unique fixed point of $ on R. 

As usual, we denote by C"''^(x) = {c||fi|| < ||f2||} the unstable cone at x. We 
denote by 7rC^''^{x) the set x + C"''^(a;), which corresponds to the projection of the 
cone C^'^^lx) from the tangent space to the base set. The stable cones are defined 
similarly. Let [/ C M*^ x be an open set and $ : U — > M'^ x M'^ a map. Denote 
the linearization of $ at x. 

CI. -D$x preserves the cone field C'^''^{x), and there exists A > 1 such that ||D$(f )|| > 
A II I'll for any v G C^''^{x). 

C2. $ preserves the projected restricted cone field ttC"''^, i.e., for any x E U, 

$([/ n 7rC"''=(x)) C C"'^($(x)) n $([/). 

C3. Uy E 7rC«'^(x) n t/, then \\^{y) - <l>(x)|| > A\\y - x\\. 

The unstable cone condition guarantees that any forward invariant set is contained 
in a Lipschitz graph. 

Proposition 8.8 (See [63]). Assume that $ and U satisfies [C1]-[C3], then any 
forward invariant set W G U is contained in a Lipschitz graph over M*^ (the stable 
direction). 

Similarly, we can define the conditions [C1]-[C3] for the inverse map and the 
stable cone, and refer to them as "stable [C1]-[C3]" conditions. Note that if $ and U 
satisfies both the isolating block condition and the stable/unstable cone conditions, 
then and W~ are transversal Lipschitz graphs. In particular, there exists a unique 
intersection, which is the unique fixed point of $ on R. We summarize as follows. 

Corollary 8.9. Assume that $ and U satisfies the isolating block condition, and that 
$ and U (resp. and U (1 ^{U)) satisfies the unstable (resp. stable) conditions 
[C1]-[C3]. Then $ has a unique fixed point in U. 
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8.5 Single leaf cylinders 

We now apply the isolating block construction to the maps and rectangles obtained 



in Corollary 8.7 



Proposition 8.10. There exists To > such that the following hold. 

• For T > To, $giob ° '^loc' ^'^■5 ^ unique fixed point p'^(T) on fl R'^~^(T); 

• For T >Tq, $giob o has a unique fixed point p^(T) on Si fl R (T); 

• For T,T' > To such that i?+^(T) and R ^(T') are on the same energy surface: 
•^giob ° ^lot ° "^giob ° ^loc « unique fixed point p'^iT) on R+-{T) (1 o 



Note that in the third case of Proposition 8.10 it is possible to choose T' depending 



on T such that the rectangles are on the same energy surface, if T is large enough. 



Moreover, as in remark 8.2 we later show that such T' = T'(T) is unique. As a 
consequence, the fixed point p'^{T) exists for all sufficiently large T. 

Each of the fixed points p"'"(T), p~{T) and p'^{T) corresponds to a periodic orbit 
of the Hamiltonian fiow. In addition, the energy of the orbits are monotone in T , and 
hence we can switch to E as a parameter. 

Proposition 8.11. The curves {j)^{T))t>To, {p (T))t>To (^''^d {p'^(T))t>To are 
graphs over the Ui direction with uniformly hounded derivatives. Moreover, the energy 
E{p'^{T)), E(p~(T) ) an d E(p'^(T)) are monotone functions ofT. In particular, with 



notations of section 3.4 if the family of minimal geodesies {'y^ }e with < E < Eq 

as the limit Huie >o1e± = 7^ ^^■^ simple loop, then for Eq small enough such a 

family is unique as well as the family {7£;}_b with —Eq < E < 0. 



We now prove Theorem M assuming Propositions 8.10 and 8.11 



Proof of Theorem^ Note that due to Proposition 8.2, the sign of Si and Ui does 
not change in the boundary value problem. It follows that the energies of (T) are 
positive, and the energy of p'^{T) is negative. Reparametrize by energy, we obtain 
families of fixed points {p'^{E))q^e<Eo {p'^{E))_Eo<e<o, where 

Eo = mm{E{p+{To)),Eip-{To)),~E{p'{To))}. 

We now denote the full orbits of these fixed points 7^, 7^ and ■y'^, and the theorem 
follows. □ 
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To prove Proposition 8.10, we notice that the rectangle R~^~^{T) has sides, and 
there exists a change of coordinates turning it to a standard rectangle. It's easy 
to see that the isolating block conditions are satisfied for the following maps and 
rectangles: 

*;ob°'^>i^^ and i?++(T), $-iob°'^'ro^ and i?-(T), 

•^Job ° '^iot ° -^giob ° Kc and o $+J-^i?-+(T) n i?+-(r). 

It suffices to prove the stable and unstable conditions [C1]-[C3] for the corresponding 
return map and rectangles. We will only prove the [C1]-[C3] conditions conditions 
for the unstable cone C^'^, the map $giob ° "^lo^!^ and the rectangle i?"'"^(T); the proof 
for the other cases can be obtained by making obvious changes to the case covered. 

Lemma 8.12. There exists Tq > and c > such that the following hold. Assume 
that U C n -Br a connected open set on which the local map is defined, and 
for each x E U, 

inf{t > : iptix) E ^1} > Tq. 
Then the map -D($giQjjO<|)++) preserves the non-empty cone field C"'"^, and the inverse 
-^('^giob°^ioc^)~^ preserves the non-empty C^'^. Moreover, the projected cones 7rC"''^n 
U andnC^''^r\V are preserved by ^^^^^o^^^ and its inverse, where V = 'J*giob°^ioc'(^)- 
The same set of conclusions hold for the restricted version. Namely, we can replace 
C'^''^ and C^'^ with C^'^ and C^*^, and U with U D Se- 

Let X E U and denote y = ^^^i^)- ^^^^ ^^^^ show that D^^^{x)C'^''^{x) is 
very close to the strong unstable direction T"". In general, we expect the unstable 
cone to contract and get closer to the T"" direction along the fiow. The limiting size 
of the cone depends on how close the fiow is to a linear hyperbolic fiow. We need the 
following auxiliary Lemma. 

Assume that (pt is a fiow on M"' X M^, and Xt is a trajectory of the fiow. Let 
v{t) = {vi(t) , V2{t)) be a solution of the variational equation, i.e. v(t) = Dipt{xt)v{fS). 
Denote the unstable cone C"''^ = {HfiP < c||f2p}. 

Lemma 8.13. With the above notations assume that there exists 62 > 0, 61 < 62 O'l^d 
cr, (5 > such that the variational equation 



v{t) 



■A{t) B{t) 
C{t) D{t) 



V2{t) 



satisfy A < bil and D > b2l as quadratic forms, and \\B\\ < o , ||C|| < b. 

Then for any c > and k > 0, there exists 5o > such that if < 5, a < (5o, 'we 
have 

{Dipt) C"'' C C"'^% A = ce-('^-'^-'')* + a/(62 - &i - 
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Proof. Denote 70 



c. The invariance of the cone field is equivalent to 
d 



dt 



Compute the derivatives using the variational equation, apply the norm bounds and 
the cone condition, we obtain 



+ (&2 - 5/3t - 



\v2f > 0. 



We assume that Pt < 270, then for sufficiently small 60, 6(3t < n. Denote 63 
and let Pt solve the differential equation 



b2-bi-K 



It's clear that the inequality is satisfied for our choice of Pf 
equation for Pt and the lemma follows. 



Solve the differential 

□ 



Proof of Lemma 8.12 We will only prove the unstable version. By Assumption 4, 
there exists c> such that C C"'^(p+). Note that as Tq — > 00, 

the neighborhood U shrinks to and V shrinks to q^. Hence there exists /3 > and 
To > such that D$+ (|/)C"'''(?/) C C"-" for all yeV. 



Let (s, u)(t)o<t<T be the trajectory from x to y. By Proposition 8.2, we have 
< e-(^i-«:)T/2 oil j'i2 < t < T. It follows that the matrix for the variational 
equation 





B{t) 




Cit) 







diag{Ai,A2} + 0(s) 0{s) 

Oiu) diag{Ai,A2} + 0(M) 

k)L \\C\ 



{2i 



satisfies A < — k)I, D > (Ai 
before C"''^(x) = {||fs|| < cjltiuH}, Lemma 8.13 implies 



0(6) and \\B\\ = 0{e-'^^^-^^^/^). As 
iplie 

where /3t = 0{e^^'^^'^) and A' = min{A2 — Ai — k, Ai — k,}. Finally, note that 
D(fT{x)C^''^{x) and D^^'^{x)C'^''^{x) differs by the differential of the local Poincare 
map near y. Since near y we have |s| = 0{e~^^^~'^^'^), using the equation of motion, 
the Poincare map is exponentially close to identity on the (si, S2) components, and is 
exponentially close to a projection to U2 on the (ui,M2) components. It follows that 
the cone C*"'^^ is mapped by the Poincar'e map into a strong unstable cone with 
exponentially small size. In particular, for T > Tq, we have 



■ix)cC^'^iy), 



and the first part of the lemma follows. To prove the restricted version we follow the 
same arguments. □ 
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Conditions [C1]-[C3] follows, and this concludes the proof of Proposition 8.10 



Proof of Proposition \8.li\ Again, we will only treat the case of p"^(T). Note that 
:= {p~^{T))t>To is a forward invariant set of $giot, ° '^'lo^!') cind by Lemma 



8.12 



the map ^i^b ° ^loc ^^^^ preserves the (unrestricted) strong unstable cone field C"' 



Apply Proposition 8.8 , we obtain that l^{p'^) is contained in a Lipschitz graph over the 
S1U1U2 direction. Since l~^{p'^) is also backward invariant, and using the invariance of 
the strong stable cone fields, we have l~^{p'^) is contained in a Lipschitz graph over the 
S1U1S2 direction. The intersection of the two Lipschitz graph is a Lipschitz graph over 
the siMi direction. Since /'^(p^) C {si = 6}, we conclude that l^{p'^) is Lipschitz 
over Ml. Since the fixed point clearly depends smoothly on T, l^{p'^) is a smooth 
curve. The Lipschitz condition ensures a uniform derivative bound. This proves the 
first claim of the proposition. Note that this also implies Ui is a monotone function 
of T. 

For the monotonicity, note that all p^{T) are solutions of the Shil'nikov boundary 
value problem. By definition (p+(T))t>To belong to and we have si = 6. For all 
finite T the union of {p'^{T))t>To is smooth. Since l'^{p^) is a Lipschitz graph over 
Ui for small Mi, we have that the tangent {ds2, dui, du2) is well-defined and ratios 
and 4^ are bounded. 

Theorem |20] implies that the S2, M2 components are dominated by the si, Ui 
directions, namely, there exist C > and a > such that for components of p^{T) 
and all T > Tq we have \u2\ < C|ni|". 



Using the form of the energy given by Corollary |8.1| its differential has the form 
dE{s, u) = (Ai + 0(s, u)) Sidui + (Ai + 0(s, u)) Uidsi+ 

+ (A2 + 0{S, U)) S2dU2 + (A2 + 0(S, U)) U2dS2. 

On the section differential dsi = and coefficients in front of ds2 can be make 
arbitrary small. Therefore, to prove monotonicity of E{p'^{T)) in T it suffices to 
prove that for any r > there is Tq > such that for any T > Tq tangent of l~^{p^) 
at p~^{T) satisfies \^\ < t. Indeed, (si,S2)(T) — > {^,82) as T — > 00. 



We prove this using Lemma 8.13| and the form of the equation in variations (28). 
Suppose > r for some r > and arbitrary small Ui. If Tq is large enough, then 



T > To is large enough and Ui is small enough. By Theorem 20 we have |m2| < C\ui 



so U2 is also small enough. Thus, we can apply Lemma 8.13 with vi = (si, S2, Ui) and 
V2 = U2- It implies that the image of a tangent to l^{p'^) after application of D^f^ is 
mapped into a small unstable cone C"'^ with (3 = (^e^i^'^^^^-^Wo _^Q(^§^y^^ However, 
the image of l^{p'^) under D^^J^ by definition is (g+(T))T>To and its tangent can't 
be in an unstable cone. This is a contradiction. 

As a consequence, the energy E{p'^{T)) depends monotonically on Ui. Combine 
with the first part, we have E{p'^{T)) depends monotonically on T. □ 
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8.6 Double leaf cylinders 

In the case of the double leaf cylinder, there exist two rectangles Ri and R2, whose 
images under $giob o '^'loc intersect themselves transversally, providing a "horseshoe" 
type picture. 

Proposition 8.14. There exists Eq > such that the following hold: 

1. For all < E < Eq, there exist rectangles Ri{E),R2{E) G S^'^ such that for 
i = 1,2, $giob o <l>j|j+(i?j) intersects both Ri{E) and R2{E) transversally. 

2. Given a = (cti, ■ ■ ■ , ct„), there exists a unique fixed point p'^{E) of 

1 

i=n 

on the set R„^{E). 

3. The curve p"{E) is a graph over the ui component with uniformly hounded 
derivatives. Furthermore, p'^{E) approaches p"^ and for each 1 < j < — 1, 

1 

approaches p''^+^ as E — > 0. 



In particular, with notations of section 3j3_ if the family of minimal geodesies 

{1e}e with < E < Eq as the limit lim^ >o1e — 7^ ^'^■^ ^ non-simple loop, then 

7^ n E^"^ consists of exactly n distinct points p'^^ (E) , p'^^ (E) , . . . ,p'^"{E). 



Remark 8.3. By Lemma 3.2 and assumption [AO] we have that 7^ accumulates onto 



the union of two simple loops, possibly with multiplicities. 



By Lemma 3.3 there is a sequence a = (ai, ■ ■ ■ , cr„) G {1, 2}*^, unique up to cyclical 



translation, such that 7q = 7q''^ * ■ ■ ■ * 7^''" . 

By construction the geodesies '^q'' and 7o^ intersect Ri{E) and R2{E) respectively. 
Once the sequence a is fixed, there is a unique fixed point for p'^ (E) of the composition 
Ra^iE)- Thus, for Eq small enough the family {7f with -Eq < 
E < is unique as well as the family. 

Remark 8.4. The second part of Theorem^ follows from this proposition. 
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Proof. Let R'^^{E) be the rectangle associated to the local map ^^J^ constructed in 



Theorem 21, reparametrized in E. Note that for sufficiently small 6, the curve 7^ 
contains both and p^, and 7^ contains both and g^. 

Let 3 and 3 q^ be the domains of $giob and $giot,5 respectively. It 
follows from assumption A4a' that $giob7^ l~l intersects 7^ transversally at p*. 
By Proposition [2TI for sufficiently small E > 0, ^^^^^^{^^^"l: {R^^ {E)) n Vi) intersects 



R^^{E) transversally. Let C V^^ be a smaller neighborhood of q^. We can truncate 
the rectangle (^'l^ {R^^ {E)) by stable curves, and obtain a new rectangle R'i{E) such 
that 

KtiR^HE)) nz'c R[{E) c KtiR^HE)) n v\ 

Denote = {<t>++)-\R[{E)). The rectangles i?2(^) and R'^iE) are defined 

similarly. For i = 1,2, ^^i^b ° '^io^!'(-Rj(-^)) intersects and hence -Ri(-E) 

transversally. This proves the ffist statement. 

Let R"{E) denote the subset of Ra^{E) on which the composition 



n(* 



glob ° ^loc ) \Ra,{E) 



is defined. R'^{E) is still a rectangle. The composition map and the rectangle R'^{E) 
satisfy the isolation block condition and the cone conditions. As a consequence, there 
exists a unique fixed point. 



The proof of the graph property is similar to that of Proposition 8.11 □ 
This completes the proof of Theorem [61 



8.7 Normally hyperbolic invariant cylinders the slow me- 
chanical system 

In this section we will prove Theorem [7j Let us ffist consider the single leaf case. We 
will show that the union 

M:= U 7£U U 7^U U 7:^"U7+U7- 

0<E<Eo 0<E<Eo ~Eo<E<0 

forms a manifold with boundary. Denote 

l+(p+) = {p-^iE)},^E<Eo, I'-ip-) = {p-iE)}o^E<Eo, 

= ^loti^^iP^)) = '^'ioc^(^^(g'~))- Note that the superscript of / 

indicates positive energy instead of the signature of the homoclinics. We denote 

l-{p^) = {p%E)}^E,^E<o 
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Figure 20: Invariant manifold Ai near the origin 



tration of Ai the curves are included in Figure [20 



•^-giobl^lr)) and_r(g+) = $r,:(/-(p-)). An illus- 



By Proposition 8.11, l^{y) {y is either p^, or q^) are all curves with uniformly 
bounded derivatives, hence they extend to y as curves. Denote l{y) = l^{y) U 
l~{y) U {y} for y either p^, or g^. 

Proposition 8.15. There exists one dimensional subspaces L{p^ 
L{q^) C Tq±T,^^ such that the curves l{p^) are tangent to L{j)^) at p 
tangent to L{q^) at . 



and l^q"^) 



and 
are 



Proof. Each point x G l{p'^) contained in Se is equal to the exiting position s(Te),u{Te) 
of a solution {s, u) : [0, Te\ — > Br that satisfies Shil'nikov's boundary value problem 
(see Proposition 8.2). As x — )■ p^, E — )■ and Te — >■ oo. According to Corol- 
lary 20, l{p^) must be tangent to the plane {si = U2 = 0}. Similarly, /(g"*") must 
be tangent to the plane {ui = S2 = 0}. On the other hand, due to assumption A4 

0} intersects 
and write 



on the global map 
L{q 



(see Section 



3.4), the image of D^'^^^^{ui = $2 
M2 = 0} at a one dimensional subspace. Denote this space L{p 



D^Z^^{ui = S2 



glob 

to L{q~^) using l{q 
similarly. 



Since l{p'^) must be tangent to both {u2 = si = 0} and 
0}, l{p~^) is tangent to L{p^). We also obtain the tangency of l{q^) 



l{p'^)- The case for l{p ) and l{p 



can be proved 

□ 



We have the following continuous version of Lemma 8.12 , which states that the 
flow on Ai preserves the strong stable and strong unstable cone fields. The proof of 



Lemma 8.16 is contained in the proof of Lemma 8.12 
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Lemma 8.16. There exists c > and Eq > and continuous cone family C"(a;) and 
C^{x), such that for all x E M., the following hold: 

1. and C" are transversal to TAi, is backward invariant and C" is forward 
invariant. 

2. There exists C > such that the following hold: 

• \\D'^t{x)v\\ > Ce(^2-K)t^ ^ ^"(x), t > 0; 

• \\D^t{x)v\\ > Ce-^^^-''^\ V e C'{x), t < 0. 

3. There exists a neighborhood U of M. on which the projected cones ttC" fl U and 
ttC* n U are preserved. 



Note that a continuous version of Proposition |8.8| also holds. As a consequence, 
the set M. is contained in a Lipschitz graph over the Si and Ui direction. This implies 
that is a manifold. 

Corollary 8.17. The manifold A4 is a manifold with boundaries 7^^, 7^^^ and 

Proof. The curves l{p^) and l{q^) sweep out the set A^\{0} under the flow. It follows 
that A4 is smooth at everywhere except may be {0}. Since any x G fl -Br(O) is 
contained in a solution of the Shil'nikov boundary value problem, Corollary [20] implies 
that X is contained in the set { I S2 1 < C*!-?!!", |m2| < C*|m2|"}. It follows that the tangent 
plane of to x converges to the plane {s2 = U2 = 0} as (s, u) — )■ 0. □ 

Corollary 8.18. There exists a invariant splitting © TAi © -E" and C > such 
that the following hold: 

• \\Dift{x)v\\ > Ce(^2-«)i^ y ^ E"(x), t > 0; 

• \\Dipt{x)v\\ > Ce~(^2-«)t^ y (z E'{x), t < 0; 

• \\D^t{x)v\\ < Ce(^i+«)l*l, V e T^M, t e M. 

Proof. The existence of E'"^ and i?", and the expansion/contraction properties fol- 
lows from standard hyperbolic arguments, see for example. We now prove 
that third statement. Denote v{t) = D^pt{x)v for v G T^M.. Decompose v{t) into 
(u<j^, fs2, "Wu^, Uuj), we have < C'e*^'*'i+''^l*l. However, since is a Lip- 

schitz graph over (si,^!), the (fs2,fu2) components are bounded uniformly by the 
ivs^^Vui) components. The norm estimate follows. □ 

Remark 8.5. Part 1 of Theorem\2\ follows from the last two corollaries. 
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We now come to the double leaf case. Denote l{p^) = Ue<£;<£;o P'^^-^)^ where p'^{E) 
is the fixed point in Proposition 

the fiow 



8.16 



time. As a consequence Al^'^" is a manifold. Similar to Lemma 
on Ml^° also preserves the strong stable /unstable cone fields. The fact that A^^' " 
is normally hyperbolic follows from the invariance of the cone fields, using the same 
proof as that of Corollary 8.18 This concludes the proof of Theorem [7], part 2. 



8.8 Smooth approximations 



Notice that in Theorem 18 Hamiltonian H is required to be C^'^^ with /c > 9. In Key 
Theorem |3] we require = Hq + eHi to be with r > 4. Key Theorem [3] follows 
from Theorem [7j To fix this discrepancy we proceed with smooth approximation 
arguments similar to [131 Section 3.3]. More exactly, we approximate with analytic 
H* and prove Theorem [t] for it. Then we show that has a C^-neighborhood of 
uniform size where Theorem [7] still applies. Therefore, it applies to if^. We need the 
following 

Lemma 8.19. f69^ Let f : M" — > be a function, with r ^ 4. Then for each 
r > there exists an analytic function Srf such that 

\\Srf - fWc^ < c{n,r)\\f\\csT''-' for each < s < r, 



|5,/||c= <c(n,r)||/||c.r 



-{s-r) 



for each s > r, 



where c{n,r) is a constant which depends only on n and r. 
Denote c(5, r) by c(r). 

We approximate C"^ smooth = Hq + eHi with an analytic = Hq + eif* so 
that H* = SrHo and if* = S^Hi for r = e^/C^-s) Apply Theorem |27| to H;. We have 



N* 



H* o $* 



m 



eZ* + eZl + eR* 



where, in notations of Appendix B, Z*{9,p) = [H2]ujo{0,p), \\Zi{0,p)\\ < y/e, and 
^ £■ Consider 

H,o^* = H* o $* + (fTo - ^o) ° + ^{Hi - HI) o $*. 



By Lemma |8.19| applied to N* after a proper rescaling we have that it has the form 

^o(Po) + {d%H*o{po){p-p,).{p-Po))+eZ*{e,p)+eZl{e,p)+eR{e,p,t). 
So we can rewrite Hp o $* in the form 



^o(Po) + {din*{p,){p-p,),{p-p,))+eZ*{d,p)+eZl{d,p) 
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+eR{e,p,t) + {Ho - H*) o $* + e{Hi - HI) o $*. 
Recall that K{j) — po) denotes the quadratic form {d^ Ho{po){p — po), {p — po)) up 



to an integer linear change of coordinates B. Denote K*{p — po) the quadratic form 

Define 
=1 \\K*ip)-K{ 



(Q^pi^Q (po)(p — Po), {p — Po))- Define \\K* — K\\ norm of the difference between these 



quadratic forms by maxj|pj| 
estimates 



Using Lemma 8.19 we have the following 



- \\H*, - Hi\\c2 ^ c{r)e^ 

- \\Z* - Z\\c2 ^ \\Hl - Hi\\c2 ^ c(r)e2, 

- \\K*-K\\ ^ \\H* - Ho\\c2 < c{r)e^ 

- \\^*-Id\\c2^1, 

- \\{H* - H^) o <t>*\\c2 < c{r)\\H*, - H,\\c4'^*\\l, < MOII^i " ^illc^- 

- ||(^* - Ho) o < c{r)\\H*, - Ho\\c2\m\l, < 4c(r)||ff* - HoWc^. 



These estimates imply that 

\\eR{e,p,t) + {Ho - H*) o $* + e{H, - HI) o < e\ 



Now consider the approximating Hamiltonian if*. Using Theorem 27 and Lemma 
8.19 associate a slow mechanical system K*{-) — Z{-,po). By Theorem [7| this Hamilto- 



nian system has normally hyperbolic invariant manifolds A^^°'* and A^^'^° for simple 
critical and non-simple homologies respectively. The "moreover" part of the theorem 
implies persistence of these cylinders with respect to C^-perturbations of H^ and HI. 
Since the C^-size of admissible perturbations depends only on n and norms of H^, 
it is independent of r. Therefore, for small enough r (resp. e) Theorem [7] can be 
applied to H^ = Ho + sHi . The rest of the proof of Key Theorem [3] for if* and H^ is 
the same. This completes the proof of Key Theorem [3j 



8.9 Proof of Lemma |3.3| on cyclic concatenations of simple 
geodesies 



We provide the proof of the auxilliary result Lemma 3.3 before proceeding to the next 
section. 

Denote 71 = 7q^ and 72 = 7o^ and 7 = 7°. Recall that 7 has homology class 
riihi + ^2/^2 and is the concatenation of rii copies of 71 and n2 copies of 72. Since hi 
and /12 generates ifi(T^,Z), by introducing a linear change of coordinates, we may 
assume hi = (1, 0) and h2 = (0, 1). 
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Given ?/ G \ 7 U 71 U 72, the fundamental group of \ {y} is a free group of 
two generators, and in particular, we can choose 71 and 72 as generators. (We use 
the same notations for the closed curves 7^, z = 1, 2 and their homotopy classes). The 
curve 7 determines an element 



7 



JJt::, a, g{1,2}, €{0,1} 



1=1 



of this group. Moreover, the translation 7t( 
by cyclic translation, i.e.. 



7(-+t) of 7 determines a new element 



It 



i=l 



where the sequences cTj and Si are extended periodically. We claim the following: 

There exists a unique (up to translation) periodic sequence cTj such that 7 = 
nr=i 'y^i+m some m G Z, independent of the choice of y. Note that in particular, 
all Si = 1. 

The proof of this claim is split into two steps. 

Step 1. Let 7ni/n2(^) = {7(0) + (ni/n2,l)t, t G M}. We will show that 7 is 
homotopic (along non-self-intersecting curves) to 7ni/n2- To see this, we lift both 
curves to the universal cover with the notations 7 and 7ni/n2- Let p.q G Z be such 
that prii — qn2 = 1 and define 

T7(t)=7(t) + (p,g). 

As T generates all integer translations of 7, 7 is non-self-intersecting if and only if 
T7 n 7 = 0. Define the homotopy 7a = A7 + (1 — A)7„j/„2 5 it suffices to prove 
Tjx n 7a = 0. Take an additional coordinate change 











-1 




X 




rii 


P 




X 










y. 




n2 


1. 




y. 



then under the new coordinates T7(t) = 7(t) + (1,0). 

Under the new coordinates, T7 fl 7 = if and only if any two points on the same 
horizontal line has distance less than 1. The same property carries over to 7a for 
< A < 1, hence T7A n 7a = 0. 

Step 2. By step 1, it suffices to prove that 7 = 7ni/n2 defines unique sequences 
CTj and Si. Since 7ni/n2 is increasing in both coordinates, we have = 1 for all i. 
Moreover, choosing a different y is equivalent to shifting the generators 71 and 72. 
Since the translation of the generators is homotopic to identity, the homotopy class 
is not affected. This concludes the proof of Lemma 3.3[ 
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9 Diffusion mechanisms, weak KAM theory and 
forcing relation 

We construct diffusing orbits using Mather variational mechanism. More specifically, 
Mather in his papers [53l l55| [55] proposed to two different variational mechanisms of 
diffusion. The former was developed by Cheng- Yan |23l 123] , the latter — by Bernard 
[9j. The foundation of Bernard's version lies in application of weak KAM theory 
proposed by Fathi |34j. We rely in main part to [S] which elaborates on [M]- A 
convenient equivalence relation is introduced there. The advantage can be explained 
as follows. 

When one construct diffusion the very general idea is to find enough many invari- 
ant sets in the phase space x 5^ x T. If an invariant set is an invariant KAM 
torus, then one can associate rotation vector u E B"^. Rotation vector can be viewed 
as an element of homologies u G ifi(T^ x T,]R). In general, one could make sense of 
rotation vector of an invariant set with an ergodic measure on it. Then "naively" in 
order to diffuse it suffices to find enough many invariant sets and construct orbits go- 
ing from one to the next one in turns. Certainly this vague approach faces substantial 
difficulties at every stage. 

For convex Hamiltonian systems there is a duality between Hamiltonian dynamics 
and Lagrangian dynamics, between homologies and cohomologies by means of Leg- 
endre transform L and Legendre-Fenichel transform C respectively. Both are defined 
below. It turns out that a more convenient way to view invariant sets using coho- 
mologies. Then the problem of diffusing along F* C in action space reduces to 
a problem of diffusing in velocity space along £(F*). In [9] for two cohomologies 
c, c' G iJ^(T^,]R) a forcing relation c h c' is introduced. The relation c Hh c', defined 
as c h c' and c' h c, is an equivalence relation (Proposition 5.1 ^9j). Moreover, if 
c Hh c', then there are two heteroclinic orbits going from c to c' and from c' to c 
(Proposition 0.10 In particular, if we can show that on F* there is dense enough 
set of c's so that neighbors are equivalent, then end points are equivalent too. As 
the outcome there is an orbit going from one end point of £(F*) to the other. The 
approach from [531 ESI EH EZl ESI [2^ leads to a lengthy and cumbersome variational 
problems with constrains. Now we turn to definitions. 

9.1 Duality of Hamiltonian and Lagrangian, homology and 
cohomology 

Let M be a smooth compact manifold. Consider Hamiltonian function H : T*M x 
M — > M. Denote {6,p) the points of T*M. The cotangent bundle is endowed with 
its standard symplectic structure. We denote by (pl{0,p) the time {t — s) map of the 
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Hamiltonian vector field of H with the initial time s, which is a time-dependent and 
by (p^{9,p) the time t map with the initial time 0. Fix a Riemannian metrix g on 
M used to measure norms of tangent vectors and covectors on M. Assume that the 
following hypotheses hold. 

• (periodicity) H{e,p,t) = H{9,p,t + 1) for each {e,p) e T*M and each t E R; 

• [completeness) The Hamiltonian vector field of H generates a complete fiow. 
Namely, is defined for all time. 

• (convexity) For each (9,t) G Af x M, H(6,p,t) is strictly convex on TqM. 
Namely, it has a positive definite Hessian d^H matrix, denoted d^H > 0. 

• (super-linearity) For each (6,t) e M x R, the function H(9,p,t) is super-linear 
inp, i.e. \imipi_^^ H(9,p,t)/\p\ =00. 

Associate to each Hamiltonian H(9,p,t) satisfying this list of properties a La- 
grangian L : TM x R — >R 

L(9,v,t) = sup V ■ p — H(9,p,t), 
peT*M 

where v ■ p is the natural dot product of dual objects. This is the standard Lcgcn- 
dre transform. Direct calculations shows that Legrendre transform is involutive, i.e. 
Ledendgre transform of if is L and of L is again H. This transform gives rise to a 
diffeomorphism 

h:(9,p,t) (9,v,t) = (9,dpH,t), 

whose inverse is 

h-' : (9,v,t) ^ (9,p,t) = (9,d,L,t), 

Moreover, the Hamiltonian flow of H is mapped into the Euler-Lagrange flow of L. 
The Lagrangian L satisfies the following properties, which follow from the analogous 
properties of H: 

• (periodicity) L(9, v, t) — L(9, v,t-\-l) for each (9, v) e TM and each f e R; 

• (convexity) For each (9,t)M x R, L(9,v,t) is strictly convex on TqM. Namely, 
it has a positive definite Hessian d^^L matrix, denoted dl^L > 0. 

• (super-linearity) For each (9,t) G M x M, the function L(9,v,t) is super-linear 
in V, which means that lim|^| ^^L(9,v,t)/\v\ — 00. 
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We call Lagrangians (resp. Hamiltonians) satisfying these hypothesis Tonelli La- 
grangians (resp. Tonelli Hamiltonians). 

In the next five sections we recall basic facts from Fathi's weak KAM theory [33] 
in the Hamiltonian setting. In the next chapter [TO] we complement these basic facts 
with complementary facts stated in the (dual) Lagrangian setting. Then using this 
theory we introduce notion of Mather, Aubry, Maiie invariant sets and equivalence of 
cohomology classes proposed by Bernard [9]. 

9.2 Overlapping pseudographs 

As before we let M be a smooth compact manifold and tt : TM — > M be the natural 
projection. Later we use M = T*^ for d = 2 or 3. For many invariant sets in TM 
we study there is a graph property. Namely, Q C TM has a graph property if it is 
a (usually Lipschitz) graph over irQ C M. The basic example are KAM tori. In this 
case, ^ is a smooth graph. However, in general the invariant sets are contained in 
discontinuous graphs that are only forward (or backward) invariant. This leads to 
the definition of overlapping pseudographs. 

Given K > 0, a function / : M — M is called a K— semi- con cave function if for 
any 6 G M, there exists pg G T^M , such that for each chart ip at x, we have 

/ o '^{y) - / o i'i.x) < peid^p^iy - x)) + K\\y - xf 

for all y. The linear formpe is called a super- differential at 9. f is called semi-concave 
if it is /T— semi-concave for some K > 0. A semi-concave function is Lipschitz (see 
i],(A.7)). 

Given a Lipschitz function u : M — > M and a closed smooth form rj on M, we 
consider the subset Qri,u of T*M defined by 

Gri,u = {{x, Tjx + dUx) : X G M such that dUx exists }. 

We call the subset Q C T*M an overlapping pseudograph if there exists a closed 
smooth form rj and a semi-concave function u such that Q = Qn,u- It turns out that 
Q is well suited to describe unstable manifolds. To describe stable manifolds one 
considers anti-overlapping pseudographs 

Gri,u = {{x, Tjx — dUx) : X G M such that dUx exists }. 

Each pseudograph Q has a well defined cohomology class c = c{Q) G iJ^(M, M). 
Indeed, if an overlapping graph is represented in two different ways as Qrj,u and Gr^'^u', 
the closed forms rj and rj' have to have the same cohomology class. Therefore, we 
associate to each pseudograph Q we associate a cohomology c{Q) by setting 
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where [77] is the De Rham cohomology of rj. 

The function u is then uniquely defined up to an additive constant. As a conse- 
quence, denoting by S the set of semi-concave functions on M, and by P the set of 
overlapping pseudographs, we have the identification 

F = H\M,R) X §/M. 

This identification endows P with the structure of a real vector space. Let us endow 
the second factor S/M with the norm u = (maxw — minM)/2 which is the norm 
induced from the uniform norm on S. More precisely, we have \u\ = mm^ ||f||, where 
the minimum is taken on functions v which represent the class u. We endow P with 
the norm 

||^c,m|| = |c| + (maxM — min'u)/2. 

The set P is now a normed vector space. We define in the same way the set P of 
anti-overlapping pseudographs 0, which are the sets Qri-u with rj a smooth form 
and M G S. This set is similarly a normed vector space. Denote by Pc the set of 
pseudographs with a fixed cohomology c G H^{M,M.). 



9.3 Evolution of pseudographs and the Lax-Oleinik mapping 

Denote C°(M, M) the space of continuous functions on M. Let 9; s, ip) be the set 
of absolutely continuous curves 7 : [t, s] — )■ M such that 7(t) = 6 and 7(5) = ip. 
Denote by 

dlij) = {l{j),i{j),T) the one-jet of 7(t). 

It is well defined for almost every r. Fix a closed form 77 and a cohomology class 
c G H^{M,R). Denote 

Le(rf7(r)) = L{d^{T)) - c(7(r)) L,{d^{r)) = L{d^{T)) - rj{^{T)). 

We define the associated Lax-Oleinik mapping on C°(M, M) as follows: 

T„u(9) = min ( u((p) + / LJd'^ir)) dr ). 

' ¥'eM,7es(o,¥>;i,e) Jq 

As shown by Fathi [31] (see also P]) for each closed form rj the functions T^m, u G 
C(M, M) are equiv-semi-concave. Moreover, the mapping is contracting: 

WT'qU -^ry'^lloo — 11^ ^11 00 7 

non-decreasing and satisfies T^(a + u) = T^^u + a for all a G M (see e.g. [SU Corollary 
4.4.4] or P section 2.4]). 
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It turns out there exists a unique mapping $ : P — P in the space of pseudo- 
graphs 

^{Gv,u) = Gu,Tr,U 

for all smooth forms rj and all semi-concave functions u (see e.g. [HI section 2.5]). We 
also have 

c($(^)) = dQ). 

The mapping $ is continuous and preserves Pc for each cohomology c G {M, M) . 
It turns out that the image $(Pc) is a relatively compact subset of Pc. This follows 
directly from the properties of the Lax-Oleinik transformation. Along with contrac- 
tion property this implies the existence of a fixed point of $ in each Pc, discovered by 
Fathi. Denote by Vc the set of these fixed points, and by V = UcVc their union. 

Even though the setting is quite abstract in the case of a twist maps one can 
get a feel for this transformation by drawing pictures. If M = T is a circle, then 
overlapping pseudographs are graphs of functions which have only discontinuities 
with downward jumps. In other words, functions which can be locally written as 
the sum of a continuous and a decreasing function. Such sets were introduced by 
Katznelson-Ornstein |18] and many known properties of twist maps were proven. 
The above operator $ is a multidimensional generalization of this idea. To described 
it consider a twist map with a non-degenerate saddle fixed point. It has stable and 
unstable manifolds (separatrices), which have to intersect. "Trim" parts of the image 
of an unstable separatrix so that it is a pseudograph over T and discontinuity with 



downward jumps only (see Figure 15). There is a freedom of choice, but it can be 



done so that the following fundamental property holds: 



HQ) c ^\g), 

where as before = y?^ is the time one map of the Hamiltonian flow and c($(^)) = 
c{Q). Indeed, due to twist property the image of the pseudograph on Figure [Ts] at 
images of discontinuities will be overlapping and often inclusion is proper. 



9.4 Aubry, Mather, Mane sets in Hamiltonian setting and 
properties of forcing relation 

Fathi's weak KAM theorem states that for each cohomology class c G if^(M, M) the 
operator $ has a fixed point of cohomology c in Pc. We denote the set of fixed points 
Vc. The set of fixed points satisfy 

gcifiiG), 



no 



and naturally gives rise to invariant compact sets 

AG) := n„>o v'^'iG)- 

We shall also use notation X{c,u), where Q = ^ and c = [77]. Using these invariant 
sets one can define another three classes of invariant sets introduced by Mather [5l] . 
Namely, for each cohomology class c G H^{M, M) we associate the non-empty compact 
invariant sets 

Mic) cAic) C Ar(c), 

where 

A{c) := Hgev. AG) and 7V'(c) := Uggv, 1(0), (29) 

are the Aubry set and the Mane set. The Mather set A^(c) is the union of the 
supports of the invariant measures of the Hamiltonian fiow ip on A{c). 

In the next section we define a forcing relation introduced by Bernard [9jj. The 
main motivation to study this relation is the following 

Proposition 9.1. (Proposition 0.10) (i) Let Q and Q' he two Lagrangian graphs of 
cohomologies c and d G if^(M, M) . // c Hh d , then there exists an integer time n 
such that (p"'{Q) intersects Q' . 

(a) If c Hh d, there exist two heteroclinic trajectories of the Hamiltonian flow 
from A{c) to A{d) and from A{d) to A{c). 

(Hi) Let {ci}i^z be a sequence of cohomology classes all of which force the others. 
Fix, for each i a neighborhood Ui of the corresponding Mather A^(cj) in T*M . There 
exists a trajectory of the Hamiltonian flow which visits in turn all the sets Ui. In 
addition, if the sequence stabilizes to c_ on the left, or (and) to c+ on the right, the 
trajectory can be selected to be negatively asymptotic to A{c^) or (and) asymptotic to 
I(c+). 

The main feature is that one it is shown that in a sequence q Hh Cj+i we have 
orbits traveling among the family of sets {A^(cj)}jgz in any prescribed order. While 
the method of Mather [331 ESI ESI 121] requires a construction of a special variational 
problem with constrains, which often a difficult task both to write and to read. We 
also point out that in [25] the authors extend the result of [23l [21] from time-periodic 
to autonomous setting. In [26] the authors extend the result from [55] to the case when 
initial velocity is not assumed to be large. The preprint [55] was quite infiuential. 
Later the main result and its extensions were proved using different methods in |2T| 

EI1EH1I12]. 



Ill 



9.5 Symplectic invariance of the Mather, Aubry, and Mane 
sets 

The concepts of the a-function, Mather, Aubry and Mane sets are symplectic invari- 
ants. We consider the canonical one-form A = pdx naturally defined on T*M. A 
symplectic map 

^:T*M — >T*M, {X,P)^{x,p) 

is called exact if the form \E'*A — A is exact. Here / and 6 are considered as functions 
of (f and J. 

Theorem 22. fWf Assume that is exact symplectic. Then for H : T*M — > M., 

and c G //""^(M, M), we have 

Ah{c) = ^{A^*h{'^*c)), ATniO) = ^(Ar^*^^(^*c)). 

In particular, for the case M = T*", we can identify if^(M, M) with M™. If 
is homotopic to identity, then \E'*A = A under this identification. Our normal form 
transformations are homotopic to identity, as they are constructed as time— e flow of 
some Hamiltonian. 

9.6 Mather's a and /^-functions, Legendre-Fenichel transform 
and barrier functions 

We also need existence of so-called Mather's a-function. There are several ways to 
introduce it. To fit to the previous discussion we use the following proposition of 
Fathi [31] (see Theorems 4.6.2 and 4.6.5 there). 

Proposition 9.2. There is a function a : iJ^(M, M) — > M such that for each con- 
tinuous function u and each closed one form t] of cohomology class c , the sequence 
T^u{x) + na(c), n > 1 of continuous functions is equi-bounded and equi-Lipschitz. 
The function c i— )• a{c) is convex and super-linear. More precisely, there exists a 
constant K{c), which does not depend on a continuous function u, such that 

minu — K{c) < T^u{x) + na{c) < maxw + K{c) 

for each positive integer n and each point x E M. 
We also need 
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Proposition 9.3. (Proposition 3.2 Fix a closed one form rj of some cohomology 
class [rj] = c E H^{M,M.) and a continuous function u. Set a function 

V := liminf(T"u + na{c))^ 

then V is a fixed point ofTrj + a{c) and, therefore, the corresponding pseudograph Qrj,v 
is a fixed point of $. 

Consider the Legendre transform of the a-function: 

B(h) = — min \a(c)—c-h}, 

cGHi(Af,K) 

where h E /fi(M, M) and c ■ h is a. dot product of elements of cohomologies and 
homologies of M. This defines a function 

13 : Hi{M,R) — > R 

called Mather's (] -function. Due to convexity of the a-function, /3-function is well- 
defined (see e.g. Theorem 20.3, [SI])- Define the Legendre-Fenichel transform associ- 
ated to the /3-function. 

£J> : Hi{M,R) — ^ 

the collection of nonempty, compact, (30) 
convex subsets of H\M, R), 

defined by 

£jr^(/i) = {ce H\M, R) : (3{h) + a{c) = c-h}. 
Following Mather for any pair of points x,y E M define a barrier function: 



/ic(3;, y) := liminf / Lc{d'y{t)) dt + na{c), 

where 7 is an absolutely continuous curve with boundary conditions 7(0) = x and 
7(n) = y. Notice that by Proposition 9.3 the function hc{x, ■) is a fixed point of the 
operator Tc + a(c). Similarly, the function —hc{-,y) is a fixed point of Tc — a{c). Recall 
some basic properties of the function he (see e.g. Section 3.8 [9] for more details). 

• For each x,y,zEM and c G H^{M, R) there is a triangle inequality 

hcix, y) + hc{y, z) > h^^x, z). 

• For each x,y E M and c G H^{M, R) we have h^^x, y) + hdy, x) > hc{x, x) > 0. 
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• For each compact set C C H^{M, M) the set of functions he : M x M — )■ M, c G 
C is Lipschitz and even equi-semi-concave. 

It is also useful to define a time-dependent barrier function on x T: 
hc{x,t;y,s) := liminf / Lc{d'y{t)) dt + {t — a)a{c), 

T—a >-oo / 

where 7 is an absolutely continuous curve with boundary conditions 7(0") = x and 
7(r) = y. 

9.7 Forcing relation of cohomology classes and its dynamical 
properties 

Following Bernard [9] section 5 we define the forcing relation Hh, and describe its 
dynamical consequences. Introduce some useful notations. Given two pseudographs 
Q and Q' in TM, we define the relation Q \- Q' as follows: 

where as usual Q is the closure of Q. We say that Q forces Q' , and write ^ h ^' if there 
exists an integer such that Q \-n G' ■ If ^ is a subset of T*M and if c G H^{M, M), 
the relations 

Q \- c and G \-n c 

mean that there exists an overlapping pseudograph Q' of cohomology c and such that 
Q \- Q' (resp. Q h^v Q')- Finally, for two cohomology classes c and c', the relation 

c\-N d 

means that, for each pseudograph Q G Pc, we have Q d . Naturally we say that c 
forces d (c h c') if there exists an integer such that c h^r c'. The relation h (between 
pseudographs as well as between cohomology classes) is obviously transitive. We need 
this relation h between cohomology classes. For this purpose, it is useful to introduce 
the symmetric relation 

c Hh d <^=^ c h c' and d h c. 
We say that c and d force each other if c Hh d . 

Proposition 9.4. (Proposition 5.1 ^9^) The forcing relation Hh is an equivalence 
relation on H^{M,R). 

A few simple remarks about this property. 
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• Note that we have c hi c for each c because by definition $(^) C (p{Q) for each 
Q C Pc, which can be written Q hi $(^). 

• Suppose Q is an invariant graph (e.g. KAM torus), then the relation c{Q) h c 
holds if and only if c = c{Q). 

• Proving that two truly distinct cohomology classes c and c' with A{c) and A{c') 
disjoint have c Hh c' is a non-trivial problem studied in |9]. In general, it does 
not seem sufficient to prove existence of heteroclinic orbits from A{c) to A{c') 
and back. 

9.8 Other diffusion mechanisms and apriori unstable systems 

Here we would like to give a short review of other diffusion mechanisms. In the case 
n = 2 Arnold proposed the following example 

Hiq,p,'f,I,t) = Y + — + e{lcosq){l + fi{smip + smt)). 

This example is a perturbation of the product of a a one- dimensional pendulum 
and a one-dimensional rotator. The main feature of this example is that it has a 
3-dimensional normally hyperbolic invariant cylinder. There is a rich literature on 
Arnold example and we do not intend to give extensive list of references; we mention 
[HI [m [121 UHl CH], and references therein. This example gave rise to a family of 
examples of systems of n -|- 1/2 degrees of freedom of the form 

Heiq,P,V,I,t) = Ho{I) + Ko{p,q) + eHi{q,p,ipJ,t), 

where {q,p) G T""*^ x M"^,/ G M.,ip,t G T. Moreover, the Hamiltonian Ko{p,q) 
has a saddle fixed point at the origin and KQ{0,q) attains its strict maximum at 
q = 0. For small e a 3-dimensional NHIC C persists. For n = 2 systems of this type 
were successfully studied by different groups. Two groups were using deep geometric 
methods. 

- In [29l [32l [39l [30] the authors carefully analyze two types of dynamics induced 
on the cylinder C. These two dynamics are given by so-called inner and outer maps. 

- In [73l [71] a return (separatrix) map along invariant manifolds of C is con- 
structed. A detailed analysis of this separatrix map gives diffusing orbits. 

As we mentioned on several other occasions the other two groups ^ |23] are in- 
spired and influenced by Mather variation method [SSI [SH [SS] and build diffusing 
orbits variationally. Recently apriori unstable structure was established for the re- 
stricted planar three body problem [35]. It turns out that for this problem there are 
no large gaps. 
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The case n > 2 was studied in [21] also by a variational method. Recently Treschev 
[75] proved the existence of Arnold diffusion the product of a one-dimensional pen- 
dulum and n-dimensional rotator using his separatrix map approach. 

A multidimensional diffusion mechanism of different nature, but also based on 
existence and persistence of a 3-dimensional NHIC C is proposed in [T9] . 
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10 Properties of the barrier functions 



In this section we provide several equivalent definition of some concepts introduced in 
Section [9j They were introduced in Hamiltonian setting. Here is concentrate on the 
dual description in Lagrangian setting. We will also describe properties of the barrier 
functions, used in our proof. There is a notational confiict. In Section 9^ we denote 
by A{c), Ai{c), J\f{c) C TM the (discrete) Aubry, Mather, Mane sets respectively for 
the time 1 map ip = ip^. In this section we denote by Ah{c), A4h{c), Nh^c) C TM xT 
the (continuous) Aubry, Mather, Mane sets respectively for the Hamiltonian fiow with 
the Hamiltonian H. Definitions of Tonelli Hamiltonian and Tonelli Lagrangian are 



given in Section 9.1 



10.1 The Lagrangian setting 

For simplicity of presentation, we restrict to the case M = T'^ in this section. This 
means we identify the spaces T*M ~ T'^ x M'^ ~ TM, and if^(M,M) ~ W^. Given 
a Tonelli Hamiltonian H ■.T*M xT — ^ M, we denote by Lh : TM x T — ^ M its 
associated Lagrangian. 

• The a-function 

Given a cohomology c G if^(M, M), an equivalent definition of the a-function 
is given by 

tt//(c) := — inf / {Lh{x, v,t) — c ■ v) dfi{x, f , t), 
^' J 

where the infimum is taken over all invariant measures of the Euler-Lagrange 
flow in TM X T (see [Ml Corollary 4.6.7] and [311 Theorem 4.6.2] for the equiv- 
alence with the previous definition of the a-function). 

• The dual Lagrangians, minimizers, and the action function 
Given a cohomology c G if^(M, M), denote 

Lh,c{x, V, t) := Lh{x, v,t) — c ■ V + a//(c). 

The action function Ah,c : M x R x M x R — > R is defined by 

AhA^^ s;y,i) = inf / LH,c{li't),ii't)^t)dt, 

J s 

where the infimum is taken over all absolute continuous 7 : [s,t] — > M such 
that 7(S)=x, 7(t) = ?/. A curve 7 is called a minimizer or a minimizing 
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extremal for AH,c{x,s]y,t) if it realizes the associated infimum. By Tonelli's 
theorem (see ^3], Appendix 1), 7 is always an orbit of the Euler-Lagrange flow, 
and hence is C^. 

The barrier functions 

Given a cohomology c G H^{M, M), the barrier function hH,c '■ MxTxMxT — 
M is defined by 

hH,c{x,s;y,t) = \immi Ah,c{x, s;y,t + n), 

n — ^-oo 

where s and t are interpreted as numbers in [0, 1) on the right hand side. Up 
to change of notations this definition is the same as the one in section 9.6 We 
list it to adjust to notations of this section. 

The projected Aubry set 

Given a cohomology c G if^(M, M), the projected Aubry set Ah{c) is defined 
by 

{{x,t) G M X T : hH,c{^,t]x,t) = 0}. 

We will also be using the time-zero section of the projected Aubry set, defined 
by 

A'{c) = {x G M : (x,0) G Ah{c)}. 



le natural projection vr : TM — y M given by TT{6,p,t) = {6,t). 
9.4 we define the Aubry set A{c). Denote by tt A{c) = A{c) its 



Consider t 
In section 

projection. This definition of the Aubry set A'{c) and definition (29) of the 
Aubry set A{c) are equivalent (see e.g. Proposition 3.11 [9]), namely, A'{c) = 
A{c). 

The projected Mane set 

The projected Maiie set Mh{c) is defined by 

U {iy,t)EMxT: 

hH,c{x, ti, y, t) + hH,c{y, t; z, t2) = hH,cix, ti, z, ta)}, 

and the time-zero section 

Af'{c) = {x e M : {x,0) e Afnic)}. 
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In section 9.4 we define the Mane set A/'(c). Let 7rA/'(c) = A/'(c) denote its 
projection. This definition of the Mane set A/''(c) and definition ( [29) ) of the Marie 
set A/'(c) are equivalent (see e.g. Proposition 3.12 namely, A/''(c) = A/'(c). 

It turns out that the a and w-limit sets of orbits of the Mane set are contained 
in the corresponding Aubry set (see e.g. [llj). In this sense the Mane set 
consists of heteroclinic and homoclinic orbits to "components" of Aubry set. 
These "components" of Aubry sets are called static classes and are introduced 
later in the section. 

Mane 's potential 

Following Mafie, we define the function mH,c : M x T x M x T — > M by 
mH,c{x,s]y,t) = inf Ah,c{x, s]y,t + n). 

s<t+n, neN 

This function is sometimes called Maiie's potential. 
Static and semistatic curves 

Denote 7 : M — )■ M a. smooth curve and by d'~^{t) = {'y{t),'j{t),t) the 1-jet. 
A curve 7 : M — > M is called c— semi- static if for any a < b, 



LH,c{dl{t))dt = m//,c(7(a), a; lib), b). 
A curve 7 : M — > M is called static if it is semi-static, and for all a < b, 

LH,c{dl{t))dt = -mnAlib), b; 7(a), a). 



By Tonelli's Theorem, both semi-static and static curves are orbits of the Euler- 
Lagrange flow. Write p(t) = dvLnilyiyt)), then {'j,p){t) is an orbit of the 
Hamiltonian flow. 

The Aubry and Mane sets 



Recall that in Section |9.4| we deflne the Aubry A{c) and Mane A/'(c) sets in 
T*M. Here we give equivalent deflnitions in continuous setting. 

Let 71 : T*(Mx T) — MxT be the standard projection, we have 7iA{c) = A{c) 
and 7iJ\f{c) = J\f{c). 



^^Lemma 12.9 connection of the continuous Aubry Ah{c) and Mafie Nh{c) sets with the discrete 



ones A'{c) and N'{c) resp. 
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We define the Aubry set Ah{c) C T*(M x T) by 

{{x,p, s, —H{x,p, s)) : ipl{x,p), t G M is static}. 

By [311 Proposition 9.2.5] a curve is static if and only if it is a part of tlie 
projected Aubry set. 

We define tlie Mafie set //h{c) C T*(M x T) by 

{{x,p, s, —H{x,p, s)) : ipl{x,p), t G M is semi-static}. 
By O Proposition 3.6] Mane set consists of semi-static curves. 

• Dominated functions 

A function u : M x T — y M is called dominated by Lh,c if 

u{^{t),t)-u{^{s),s) < I Lh,Mi{^)) da (31) 

J s 

for each curve q{t) G C^(M, M) and each s < t in M. This implies 

u{y, t) - u{x, s) < hH,c{x, s; y, t) V(x, s), (y, t) G M x T. 

• Calibrated curves 

A curve 7 : / — > M is called calibrated on an interval / C M by the 
dominated function u if, for each s < t in /, we have 

u{j{t),t)-u{j{s),s)= [ LHAdl{a))da. (32) 

J s 

It is clear that calibrated curves are minimizing extremals. For each dominated 
function m, we define the set points in TM x T 

Ih{u) = {{x,v,t) : 

3 a calibrated curve 7 : M — > M satisfying (x, v,t) = d'y{t)} . (33) 

It is known that Ih{u) is a compact invariant set of the Euler-Lagrange flow 
of L{H) (see e.g. [H]). The projection vr : {x,v,t) — > {x,t) induces a bi- 
Lipschitz homeomorphism between Ih{u) and its image Ih{u) C M x T. Fathi 
|34j . Proposition 9.2.3 proved that a curve is semi-static if and only if it is 
calibrated by a dominated function u. 
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• Weak KAM solutions 

The function u is called a weak KAM solution (of negative type) if it is domi- 
nated and if, in addition, for each point (x, s) G M x T, there exists a calibrated 
curve 7 : (—00, s) — > M such that 7(5) = x. -u is a weak KAM solution of 
positive type if it is dominated, and for each (x, s) there is a calibrated curve 
7 : (s, 00) — V M such that 7(5) = x. 

Given a weak KAM solution m, we define the set 

gniu) CTM xT 

as points {x,v,s) such that there exists a calibrated curve 7 : (— 00, s) — > M 
satisfying 7(5) = x and 7(5) = v. The set Qh{u) is compact and negatively 
invariant for the Euler-Lagrange flow of L^- Note also that 7r{QH{tJ-)) = 
M X T and that 

t<o 

Fathi [M] proved existence of weak KAM solutions. 

• Elementary solutions and one-sided minimizers 

For all (x, s) G M x T, the functions hH,c{ weak KAM solutions (see 

[M] . Theorem 5.3.5). As a consequence, at each {y,t) G M x T, there exists a 
calibrated curve 

7- : (-oo,t) ^M, j-it)=y. 

We call this curve a backward minimizer, and it can be viewed as an extremal 
curve "realizing" the action hH,c{x, s; y, t). Similarly, the functions hH,ci-, ■', y, t) 
are positive weak KAM solutions and there exists a forward minimizer 

7+ : (s, 00) — y M for each (x, s) G M x T. 

• Static classes 

Using the barrier function defined above we denote 

dnix, S] y, t) := hnix, s; y, t) + huiy, t; x, s) 

Mather showed that the function dn is positive, symmetric and satisfies the 
triangle inequality (see e.g. [581 EH]), but there may exist points (x, s) 7^ {y,t) 
such that dnix, s; y, t) = 0. One can define the relation on (c) by 

(x,s)~(y,t) if dHix,s;y,t) =0. 

This is an equivalence relation on Ah{c). The equivalence classes are called the 
static classes. Their lifts to Ah{c) are compact invariant subsets. 
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10.2 Properties of the action and barrier functions 
10.2.1 Uniform family and Tonelli convergence 

In order to state uniform properties of tlie minimizers over a family, we introduce the 
notion of uniform families of Tonelli Hamiltonians and Lagrangians (see j9|). Recall 
that II ■ lla; denotes a norm on T^M induced by a Riemannian metric. 

A family of Tonelli Lagrangians L C C'^(TM x T,]R) is called uniform if: 

1. There exist two super- linear functions /q and li : IR+ — > M such that each 
Lagrangian L of the family for each {x,t) G M x T satisfies 

lo{\\v\\)<L{x,v,t)<h{\\v\\). 

2. There exists an increasing function K : — t- IR+ such that, if ip is the Euler- 
Lagrange fiow of a Lagrangian of the family, then, for each t G [—1, 1] and time 
t map <y9*, we have 

i{\\v\\ < k}) C {\\v\\ < K{k)} CTM xT. 

3. There exists a finite atlas \E' on M such that, for each chart ip & and each 
Lagrangian L of the family, we have 

\\dlLoD^{q,v,t)\\^<K{k) for \\v\\ < k, 

where Dip is the differential. 

We say that a family of Tonelli Hamihonians M C C'\T*M x T,M), r > 3 is 
uniform if the family of Legendre transforms L = £(EI) or, equivalently, the family 
of associated Lagrangians is uniform. 

A sequence {Ln}n>i of Lagrangians Tonelli converges to L if {Ln} belong to a 
uniform family of Tonelli Lagrangians and L„ converge to L uniformly on compact 
sets as n — )■ oo. Similarly, we say that a sequence {if„}„>i of Tonelli Hamiltonians 
Tonelli converges to H if the sequence of corresponding Lagrangians Ln = Lh„ = 
C{H„) Tonelh converges to Lh = 

Our interest in Tonelli convergence is due to the following fact. Consider a family 
of Hamiltonians 

H,{^, /, r) = K{I) - U{^) + v^P(<^, /, r), ((^, /) G T*T^ ^ x r G v^T, 

where K{I) = {AI, I) is a positive definite quadratic form, U and P are smooth 
functions with P being A/i-periodic in r. This is the perturbed slow system ([t]) 
derived in section pj Notice that does not converge to Hq in the C^-topology, 



due to the fast perturbation in P. It is proved in Proposition |B.5| that Tonelli 
converges to Hq, 
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10.2.2 Properties of the action function 

For the action function Ah^c, the following hold over a uniform family. 

Proposition 10.1. For a uniform family of Tonelli Hamiltonians EI the following 
conditions hold. 

1. (Theorem B.5, 13/) Given a bounded set B C H^{M,W) and 5 > 0, for each 
c & B and each H' G H, there exists a uniform constant K > Q such that any 
minimizer 7 of Ah\c{x, s]y,t) with t — s > 6 satisfies ||7|| < K. 

2. (Theorem B.7, f^) With the same assumptions as item 1, there exists a uniform 
constant C > 0, such that the function Ah\c{x, s;y,t) defined on the set t — s > 
6 is C— semi- con cave in x and y. 

3. (Theorem B.7, JE/) Let j be a minimizer for AH',c{x,s;y,i), withi—s > 6. Let 
pit) = dvLH{'yit),'j{t)) be the associated momentum. Then 



are super- differentials of Ah',c{x, s;y,t) at x and y respectiveh^^ . 

The action functional is also semi-concave in the time variable. 

Proposition 10.2. Let M C C''{T*M x T,M), r > 3 be a uniform family of Tonelli 
Hamiltonians. For any fixed bounded set B C H^{M, M), K > 0, H' ^ M, and c & B, 
the function Ah>,c{x, s;y,t) is uniformly semi-concave in the s and t variables in the 
domain 1 < i — s < K . Moreover, if j is a minimizer for AH',c{x,s;y,i) and let pit) 
be the associated momentum, then we have 



are super- differentials at s and t respectively. 

Proof. We first prove the statement for a fixed Hamiltonian H satisfying aniO) = 0, 
and for c = 0. Moreover, it suffices to prove that the functions Ah,o{x, 0;y,T), T > 1 
and AHfl{x,T;y,0), T < —1 are semi-concave in T. Otherwise, we will consider the 
Hamiltonian H{x,p, t + s) or Hix,p, t -\-i) instead. 

We drop all subscripts from the notations and consider Aix,0;y,T) for T > 0. 
Given any AT G M with 1 < T + AT < K, we write A = AT/T. Let 7 be a minimizer 

^^In convex analysis super-differential is often called sub-differential. Since we often refer to [9] 
we keep his terminology to avoid further confusion 



pis) + C, 



pit) - C 



H'ixis),pis),s) - au'ic) 



H'ixii),pii),i) + aH'ic) 
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for A{x, 0; y, T), we define ^ : [0, T + AT] — > M by ^(t) = 7(t/(l + A)). We have 



A{x,0;y,T + AT) < 



T+AT 



Lm,m,t)dt 



L(7(s),7(s)/(1 + A),(l + A)s)ds 



with s = + A). We will use O(A^) to denote a quantity bounded by CX^, with C 
depending on T, ||T||c2, K and sup||7||. Recall that ^7(5) denotes (7(3), 7(5)). We 
have 



Aix,0;y,T + AT) 



<(1 + A) 



T 



A 



L(t^7(s)) - d,L{d^{s)) ■ — — 7(s) + dtL{d^{s)) ■ Xs 

i + A 



[(1 + A)L(rf7(s)) - Xd^dlis)) ■ 7(s) + XdtL{d-f{s))s]ds + 0{X^). 



Hence 

A(x,0;i/,r + Ar)-A(x,0;i/,r) 

<x[ {L{d^is))-L,{d^{s))-^is) + s-dtL{d^is)))ds + 0{X^). (34) 



We have the following calculations using the Euler-Lagrange equations: 
d 



ds 



L{d^) = dtL{d^) + d,L{d^)'j + d,L{d^)^ 



d 



dtL{d^) + -{dMdi)-i). 



Hence, 



d 



dtL{d^) = ^^{L{d^) - dMdl) ■ i)- 



Using the above equality in (34), we have 



A{x,Q-y,T + AT) - A{x,Q-y,T) 



— [s ■ {L{d-i) - dMdl) ■l))ds + 0{X^ 
= XT[L{d^{T)) - OMdliT)) ■ 7(T)] + 0{X^) 



-H{-f{T),p{T),T) ■ AT + 0{AT'). 
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This proves semi-concavity, and that in this case, —H{y,p{T),T) is a sub-differentiaL 
For a general Hamiltonian and for c 7^ 0, we reduce to the above case by con- 
sidering the Hamiltonian H{x,p + c,t) — anic) instead. For the case of A{x, T; y, 0) 
with T < 0, we formally write A{y,0] x,T) = A{x,T]y,0), and notice that all the 
above computations go through with a negative T. Finally, the constant in O(-) can 
be chosen to be uniform for all Hamiltonians and c's stated in the assumption. This 
concludes the proof for the general case. □ 

10.2.3 Properties of the barrier function 

We first state some properties of semi-concave functions. 

Lemma 10.3. 1. (Corollary A. 9, ^9J) Assume that fn '■ M — > M. are K—semi- 
concave and fn — / uniformly, then f is also K— semi-concave. Moreover, 
let Pn{x) be super- differentials of fn at x with Pn{x) — > p G T^M, then p is a 
super- differential of f at x. 

2. (Corollary A. 8, 19]) Let f,g : M — > M be semi-concave functions and let x 
be a local minimum of f + g. Then f and g are both differentiable at x with 
df{x) + dg{x) = 0. 

We have the following properties of the barrier function /i^.c- 

Proposition 10.4. For a uniform family of Tonelli Hamiltonians M. the following 
conditions hold. 

1. Civen a bounded set B C iJ^(M, M), for each c E B and each H E M., there 
exists a uniform constant C > such that the functions hH,c{x, s;y,t) are 
C— semi- concave in x and y. 

2. Let a sequence Hn Tonelli converges to H, Cn — c and {xn, Sn',yn,tn) — ^ 
{x,s;y,t), and assume that hH„,c{xn, Sn', -ytn) — hH^d^, s; -jt) uniformly. Let 
In be super- differentials of hH„,c{xn,Sn',y,tn) in y at yn with In — > I, then I is 
a super-differential of hH,c{x, s]y,t) iny. In particular, if hH„,c{xn, Sn',y,tn) is 
differentiable in y, then 

In — > dyhH,c{x,s]y,t). 
A similar statement holds for the super- differential in x. 

3. Assume that (x, s), (y, t) G Ah{,c) are in the same static class. Then hn^dx, s; y, t) 
is differentiable in both x and y. 
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Proof. The first two statements follows from Proposition 10.1 part 2 and Lemma 10.3 
part 1. 

For the third statement, we note hfj^ci^, s; ■, t) + hH^c{-, t] s) reaches its minimum 



value at y and the conclusion follows from Lemma 10.3, part 2. The differentiability 
in {x, s) follow from a symmetric argument. □ 



Remark 10.1. Geometrically, part 2 of Proposition 10. 4 implies the convergence 
of the velocities of backward minimizers. More precisely, let 7„ be backward mini- 
mizers for the barrier functions hHn,c{xn,Sn',y,tn) , "J be a backward minimizer for 
hH,c{x, s]y,t) , and let pn, p be the associated momentum. If hH,c{x,s;y,t) is dif- 
ferentiable at y, then p{t) — c = dyhH,c{x,s;y,t) is unique. As a consequence, 
Pn{tn) — > p{t) o-nd velocities satisfy 



in{tn) > i{t)- 



10.2.4 Semi-continuity of the Aubry and Mane set and continuity of the 
barrier function 

The Marie set is semi-continuous with respect to the Hamiltonian, while the Aubry 
set is semi-continuous only under specific conditions. 

Proposition 10.5. Assume that a sequence Hn of Hamiltonians Tonelli converges to 
H, and — > c G if^(M,M). 

1. (See J5^, m^jThe upper limit of the projected Mane sets NhS^u) is contained 
in Mnic). In other words, for any s„) G A/'h„( 

have (x, s) G A///(c). 

2. (See lUOf . fTlf) Assume in addition that the Aubry set has finitely many static 
class. Then the upper limit of the projected Aubry sets AH„{cn) is contained in 
Ah{c). In other words, for any s„) G AH,Xcn), (x^, s„) — > (x, s), we have 
{x,s) G Ah{c). 

In general, the barrier function Hh^c may be discontinuous with respect to H. 
However, the continuity properties hold in the particular case when the limiting Aubry 
set contains only one static class. 

Proposition 10.6. Assume that a sequence Hn of Hamiltonians Tonelli converges to 
H, and Cn — > c G if^(M, M). Assume that the projected Aubry set Ah{c) contains a 
unique static class. Let (x„, s„) G AH„{cn) with (x„, s„) — > {x,s), then the barrier 
functions hH^^c„{xn, Sn', ■, ■) converges to hHc{x,s; ■, ■) uniformly. 

Similarly, for (?/ri,t„) G ^h„(c„) and {yn,tn) — > {y,t), the barrier functions 
hHn,c„i-,-;yn,tn) converges to hH,c{-,-]y,t) uniformly. 
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We can obtain uniformity over the choice of (x, s) in the Aubry set by using 
convergence up to a constant. Moreover, we can show that the super-differential of 
the barrier functions converges to super-differentials uniformly. In what follows, let 
df{y) denote the set of super-differentials of a semi-concave function / at y. 

Proposition 10.7. Assume that a sequence Hn Tonelli converges to H , Cn — > c G 
if^(M, M) and the Aubry set Ah{c) contains a unique static class. 

1. for any (x, s) G Ah{c) we have 

lim inf sup \hH^^cA^n, Sn]y,t) - hH,c{x, s;y,t) - C\ = Q 

n—^oo cm (j^,t)eMxT 

uniformly over G ^h„(c„) and {y,t) G M x T. 

2. For any /„ G 9y/i/^„_c„(a;n, s„; and /„ — > I, we have I G dyhH,c{x,s;y,t). 
Moreover, the convergence is uniform in the sense that 

lim inf c?(/„, dyhH,c{x, s; y, t)) = 

uniformly m (x, s) G Ah{c), s„) G ^H„(cn)- 
The proofs are based on several properties of the weak KAM solutions. 

Lemma 10.8 ([34], Theorem 8.6.1, Representation formula). Any weak KAM solu- 
tion u{x,t) for Lh^c satisfies 

u{x,t)= inf {u{xo,to) + hH,c{^o,to;x,t)}. 

{xo,to)GAH(c) 

Using the definition of the static class, we have the following: 

Lemma 10.9. Assume that Ah{c) has a unique static class. Let (xi,ti) G Anic), 
then any weak KAM solution differs from hH,c{xi,ti; -, ■) by a constant. 

Proof. Using the definition of the static class and the triangle inequality, it is easy to 
see that, for any (xo,to), {xi,ti) G Ah{c), 

hH,c{xo, to; X, t) = hH,c{xo, to; Xi, ti) + hH,c{xi,ti; x, t). 

Then by the representation formula, 

u{x,t) = inf {u{xo,to) + hH,c{xo,to;xi,ti)} + hH,c{xi,ti;x,t) 

= u{xi,ti) + hH,c{xi, ti; X, t) = hH,c{xi, ti; x, t) + const. 

□ 
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The second statement is that weak KAM solutions are upper semi-continuous with 
respect to Tonelh convergence. 

Proposition 10.10 ([H], Lemma 7). Assume that a sequence Tonelli converges to 
H and Cn — > c, then if Un is a weak KAM solution of Lh„,c 0''nd Un — > u uniformly, 
then u is a weak KAM solution of Ln^c- 



Proof of Proposition\TO^ We prove the second statement. By Proposition |10.4| all 
functions hH„,c„{xn, Sn] ■, ■) are uniformly semi-concave, and hence equi-continuous. 
By Arzela-Ascoli, any subsequence contains a uniformly convergent subsequence, 
whose limit is 

hH,c{x,s;-,-) + C 
due to Proposition 10.10| and Lemma 10.9 Moreover, 

hnA^n, Sn, X, s) — > hH,c{x, S] X, s) = 0, 



so C = 0. It follows that Hh. 



n,c„ (Xni Sn-i 'i 



■) converges to hH,c{x, s; ■,■) uniformly. 



Statement 1 follows from the definition of the projected Aubry set 
Ah{c) = {{x,s) e M xT : hH,c{^, s; x, s) = 0} 

and statement 2. 



□ 



Proof of Proposition \10.1\ Part 1. We argue by contradiction. Assume that there 
exist 5 > 0, and by restricting to a subsequence, 

inf sup \hH„^cA^n,Sn]y,t) - hH,c{x,s]y,t) - C\> 5. 

By compactness, and by restricting to a subsequence again, we may assume that 
t) — )■ (x*,s*), {yn,tn) — > {y,t)- Using Proposition 10.6, take limit as n — > 



[X 



oo, we have 



inf sup \hH,cix*, s*; y, t) - hu.dx, s; y, t) - C\ > 6. 



By Lemma 10.9 the left hand side is 0, which is a contradiction. 

Part 2. There exists constants Cn such that hH„,c„{xn, Sn] ■,t) + Cn converges 
to hH,c{x, s; -jt) uniformly. Convergence of super-differentials follows directly from 
Proposition 10.4 It suffices to prove uniformity. Assume, by contradiction, that by re- 
stricting to a subsequence, we have {xn, Sn) — > {x, s) G Anic), In G dyhH„,c„{xn, s„; y, t) 
and (x, s) G Anic) such that 

lim /„ ^ dyhH,cix,s;y,t). 



I G dyhH^x*, s*; y, t), but we also have dyhn^dx, s; y, t) 



By Proposition 10.4, In 
dyhH,c{x* , s*]y,t) since the functions differ by a constant Lemma 10.9 This is a 
contradiction. □ 
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11 Diffusion along the same homology at double 
resonance 



In this section we prove Key Theorems |6] (locahzation of Aubry and Mane sets), [T] 
(graph theorem) and |9] (forcing relation) along the same homology class. 

The proof of Key Theorems |6] and [7] is covered in section 11.1 and uses well 



known ideas (see for example [23j, |24j, [10}) involving normally hyperbolic invariant 
cylinders. 

The proof of Key Theorem [7] is more involved, and occupies section 11.2 and 
beyond. 

11.1 Localization and graph theorem 

We first prove Theorem |8| which is the analog of Key Theorem [6] for the system 

if; = H' + v^P. 

Proof of Theorem^ The proof of all cases follows from a general argument. Assume 
that the Aubry set Ah'={c) is contained in either one or two NHICs of W^. Assume 
in addition that the Aubry set is upper semi-continuous in H and c at {H'^,c). Then 
there exists 5, eo > 0, such that for |c — c'| < 6 and < e < eo, the perturbed 
Aubry set Ah^{c') is contained in a small neighborhood of the unperturbed NHIC. 
Since the perturbed NHIC (for H^) has the weak invariance property, it contains all 
the invariant set in a neighborhood. This implies that the perturbed Aubry set is 
contained in the perturbed NHICs. 

In all the cases, the unperturbed Aubry set is contained in the union of NHICs, 
by Proposition for high energies, and Theorem [7] for low energies. In all cases, the 



Aubry set has either one or two static class, hence by Proposition 10.5 the Aubry set 
is upper semi- continuous. Moreover, 6 and eo can be chosen to be uniform over all 
chosen cohomology classes due to compactness. All cases of Theorem |8] follows from 
this argument. □ 

Key Theorem [6] follows from Theorem[8} by the symplectic invariance of the Aubry 
and Maiie set. 

Proof of Key Theorem \2\ Using symplectic invariance, it suffices to prove the theorem 
for ii;. 

Let a NHIC for the slow system in the homology h, for energy 

[E^ — 6, + 6]. The NHIC consists of periodic orbits 7^, and let s G T be a 
parametrization of for 7^*. The pair {s,E) then defines a local coordinate system 
for We now extend this coordinate system to a tubular neighborhood 
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of Mf -'5'^*+''. First we let a; denote the normal direction to the projection of ^y^ to 
T^, and let y be a normal direction to that complements (s, E, x). 




T2 X M2 




Figure 21: Local coordinates for NHIC at double resonance 



The perturbed NHIC M^^ 



is a smooth graph over 

^E.-s,E.+s^ and hence 



can be described as the graph {{x,y) — x^{s,E)}. Moreover, since Alf* s,e,+s 



verges to Ai 



E^.-5,E^.+5 



as e — > in C"^-norm, wc may assume \\x'^ 



Ic-i 



Let and {<f2,h) be two points on AHi{ch{E)) (1 Ai 



Et.-5,Et+5 
h,e 



0. 

. Note that if 



the Aubry set is contained in the union of two NHICs, we consider only the points on 
the same cylinder. Mather's graph theorem states that the Aubry set is a Lipschiz 
graph over the angular variable, namely 

ll-^l - /2II < C\\ipi - ip2\\. 

We will use C as an unspecified generic constant. Let (si, Ei, Xi,yi) and (s2, E2, X2, 1/2) 
be the coordinates of the same points, using E — H^(ip, 7), we have 

\Ei - £"2! < C\\(pi - (p2\\ < C\Si - S2II + C\Xi - X2\. 



on the Aubry set, where the last estimate is due to (/? being a smooth function of 
{s,x). Using {{x,y) = x^{s,E)} and ||x''||ci — ^ 0, we may assume for small e. 



\xi - X2\ + \yi 



Ei\ + Isi 



^2 



and hence 

1 3C 
1^1 - E2\ < C|si - S2I + C— {\E, - E2\ + |si - S2I) = —\si 



S2I + 2!^! 



Eo\. 
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As a consequence \Ei — < 3C\si — S2\. By replacing C with a bigger constant, 
we obtain 

\xi - + \yi-y2\ + \Ei - E2\ < C\si - ssl- 

This imphes the projection of the Aubry set to s coordinate has an Lipschitz inverse. 

We note that the above argument apphes whenever 7^ is a smooth closed curve, 
this covers all energy E ^ and for a simple non-critical h, E = as well. 

The only remaining case is ii^ = for a simple critical h. In this case 7° is not 
smooth in x M^, its tangent vector is discontinuous at the hyperbolic fixed point o. 
However, its projection to is smooth. Our local coordinates {s, x) are well defined. 
The function E is not at o, however, it is Lipschitz. However, we may modify E 
near the corner point to a function, while keeping the Lipschitz property. This 
provides a well defined local coordinate system, and the above argument applies. □ 



11.2 Forcing relation along the same homology class 

The rest of this section is dedicated to proofs of Key Theorems |8] and [9] which are 
very similar. Most of the section is devoted to the latter one as it involves several 



different cases. As we wrote in section 6.2 the proof of Key Theorem |9] (resp. Key 
Theorem Isj) divides into two steps: 



perturb so that all cohomologies under consideration are of at most three types 

resp.); 



(see Theorems 13 and 11 



perturb again so that all cohomologies under consideration belong to a single 



forcing class (see Theorems 14 and 12). 



Before we start proving these two Theorems notice that in Key Theorem [9] we 
have the following regimes: 

• (high energy) h is simple and Eq < E < E; 

• (high energy) h is non-simple and e < E < E for some < e < i?o- 

• (low energy) hi and h[ are simple, critical and < E < 2Eq\ 

• (low energy) h is simple, non-critical and < < -Eq- 
In Key Theorem |8] we have only two regimes: 

• the corresponding Aubry sets are localized in one cylinder; 
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• (bifurcation case) the corresponding Aubry sets are locahzed inside of two cyhn- 
ders and have non empty intersection with both; 

It corresponds to the following families of cohomologies: r^"'"^, T^'^ r^^^° and 
respectively. 

It turns out the cases simple, high energy and non-simple, high energy are similar. 
The cases simple, critical low energy and simple, non-critical low energy are also 
similar. An additional subtlety in the case of two simple critical homologies hi and 



h[ is that we need localized perturbations in Theorem 13 with disjoint supports. 

We start discussing a simple homology, high energy case. Then describe how 
it applies to non-simple homology, high energy. After that we move to the case of 
two simple critical homologies, low energy followed by modifications needed to apply 
arguments to simple non-critical homologies, low energy. 

Recall that by Key Theorems [6] and [T] (by Key Theorems |4] + [s] resp.) the corre- 
sponding Aubry sets are localized inside of the corresponding cylinder^ and satisfy 
Mather's projected graph property respectively. 

Recall that for a mechanical system H^(9'^,P) = K{P) — U{9^), energy E > 0, 
and an integer homology class h G iJ^(T*,Z) we define a cohomology class Ch{E). 
This is the homology class whose Fenichel-Legendre transform is h (see Proposition 



4.1 for the definition). By Proposition B.4 in a double resonance after a canonical 



change of coordinates and proper rescaling the Hamiltonian has the form 

i/|(r , r, r) = K{r) - u{e') + v^P(r, /^ r). 



The next Theorem is an improvement of Theorem 13 and relies on Key Theorems |6] 



and [7} Key Theorem [6] proves that, in notations of section 4.2.3, the family of Aubry 
sets {AH={ch{E))} E&[Eo,E] and {^h|(Ac/i(0))}o<a<i are localized in the corresponding 
cylinders A^fj^ with E G [E\E"\ and E' and E" properly chosen Key Theo- 



rem [7] shows also that each of these Aubry sets are graphs over the corresponding 
geodesies 7^'s. The Theorem below insures that there are only finitely many E' s with 
AHs{ch{E)) having nonempty components inside two distinct cylinders. Moreover, 

each nonempty component {ch{E)) f] Ai^ contains a unique minimal invariant 
probability measure. Here the precise statement. 

Theorem 23. In the setting and notations of Theorem [7g| there exists an arbitrarily 
small perturbation ^/e P of ^/e P such that the perturbation \/s{P — P) is localized 



^'^For simple non-critical low energy we also need to add the hyperbolic periodic orbit at zero 
energy (see Key Theorem l6l item 4 ) 
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In the case of simple non-critical we need to add the hyperbolic periodic orbit Og 
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near the normally hyperbolic weakly invariant cylinders in listed Theorem [7^ and the 
Hamiltonian satisfies the following conditions: 

1. Finiteness of bifurcations 

(a) (high energy) If h is simple and satisfies the conditions [DR1]-[DR3]. Then 
there exists a partition of [Eq, E] into iJj=o[-^j! -^j+i]? which is a refinement 
of the partition {[Ei, Ei^i]}, each [Ej,Ej+i] C [Ei,Ei^i] for some i, with 
the property that items i and ii of the previous case hold. 

i. for E G {Ej,Ej+i), the Aubry set AHs{ch{E)) is contained in a nor- 
mally hyperbolic weakly invariant manifold Ai^^^^^^^ ; 

ii. for E = Ej^i, AHs{ch{E)) has nonempty component in both cylinders 
Mlf^-^ andMi]r''^-\ 

(b) (high energy) If h is non-simple and satisfies the conditions [DR1]-[DR3]. 
Then there exists a partition of [Eq,E\ into |J^~g[£'j, .Ej+i], which is a 
refinement of the partition each [Ej.Ej^i] C [Ei.Ei^^ for 
some i, with the property that items i and ii of the previous case hold. 

(c) (low energy) If h be simple non-critical and satisfies the conditions [DRl]- 
[DR3]. Then there exists a partition of [—Eq, Eq] into [J'~}Q[Ej, Ej^i] with 
the property that 

i. for E G {Ej,Ej+i), the Aubry set Affs^ChiE)) is contained either in 
one of normally hyperbolic weakly invariant manifolds A^^f^ or in o^; 

ii. for E = Ej+i, Ags{ch{E)) has nonempty component in two out of 
three sets given above. 

2. No invariant curve of minimal homoclinic orbits to the origin 

(low energy) If hi and h[ are simple, critical homologies and satisfy the con- 
ditions [DR1]-[DR3] and conditions [A1]-[A4] of Key Theorem^ by Key The- 



orem 



[s, item 3 for each < A < 1 the family of Aubry sets Ajjs{Xch{0)) C 
A/'j5-s(Ac/i(0)) is localized in a normally hyperbolic weakly invariant manifold 
Uh" and 



X* = mm{A G (0, 1) : (^5.(Ac,(0)) \ o^) n M^f 0}. (35) 

By Key Theorem^ item 3 Afjs{Xch{0)) is a graph over 7°. Then Aj}s{X*Ch{0))r\ 
{t = 0} is a discrete non-empty set and X*Ch{0) G r°'f°. 

In all four case we also have 
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3. Ergodicity of Aubry sets 

(a) The sets AHs{ch{E))nMf^f'^' (resp. A^°'f orM^^f), when nonempty, 
contains a unique minimal invariant probability measure. In particular, 
this implies that AHs{ch{E)) = Afgs{ch{E)) for E 7^ Ej for any j . 

(b) An immediate consequence of part (a) is the following dichotomy, for E ^ 
Ej, j = 1, ■ ■ ■ , Z, one of the two holds. 

i. Aniich^E)) = Affjs{ch{E)) and n^EAHiich{E)) = . In this case, 
Afjs{ch{E)) is an invariant circle. 

a. TT^EjVffslchiE)) C '-fl^ , where tt^e is a composition of the natural pro- 
jection TT : X X y/sT — T** and the projection onto 7^ along 
normals to 'jj^ , 



11.3 Local extensions of the Aubry sets and a proof of The- 
orem [23 



Proof of Theorem 23 is similar to the proof of Theorem 6.1 [I3j. In this section we 
prove item 1 (finiteness of bifurcations). Consider first the case h is either simple, 
high energy or non-simple, high energy. The case 1, (c) turns out to be similar. 

By Key Theorem [6| item 1 for each energy E G [Eq, E] which is not 5-close to any 
bifurcation value {-Ei}i=i,...,Ar-i we have E G [Ej+6, Ej^i — 6] for some j = 1, . . . , N — 1 
and that the corresponding Aubry set Ags {ch{E)) is localized inside only one normally 

hyperbolic weakly invariant cylinder A^/^^' . The family of Aubry sets AHs{ch{E)) 
as a function of E has "jumps" (or bifurcations) from one cylinder to another one. 
These bifurcations can occur only for E G \Ej — 5, Ej + 5] by Key Theorem [6| item 
2. In order to understand the bifurcations we extend 

AHs{Ch{E))\E(i[E,+b,Ej+^-h] 

from [Ej + 6, Ej+i - h] to [Ej - 2b, Ej+i + 26]. By definition the cylinder M^^f'^^ 
extends to energies [Ej — 6,Ej+i + 6] D [Ej — 2b,Ej+i + 2b]. It turns out one can 

EE' 

make sense of an extended local Aubry set, which is localized inside A^^^^' . This 
definition is inspired by Mather's definition of a relative a-function and a relative 
Aubry set (see also section 6.1 [T^). 

Recall that for each energy there are at most two minimal geodesies of the Jacobi 
metric p^; on ~ T^. For a finitely many energies E G {Ej}jLi there are exactly two 



^^It is well defined, because by Theorem 3 the projection nAfc^tE) is contained in a tube neigh- 



borhood of 7,^ . This projection is well-defined in a tube neighborhood 



134 



minimal geodesies and 7^. By the condition [DR2] for E — Ej both geodesies can 
be smoothly continued to the interval [Ej — 5, Ej + S] 3 E and denoted 7^ and 7^. To 
assign dependence on j we denote by 7^ j the continuation of the minimal geodesic in 
{Ej, Ejj^i) and by lE,j-i the continuation of the minimal geodesic in {Ej_i, Ej). Let 

dist{7|,,-,7l,-i} 

Po = max 'j^ , 

EelEj-2b,Ej+2b] 6 

Let 6 > be small enough to have 

For small p > we denote 

T,{p) = {r e : dist(^^7|.,J < p}, i = J - 1,J 

tube neighborhoods of 7ej. j_i and 7^^ ^ respectively. By definition Tj_i{po) and Tj{po) 
are disjoint. 

Consider two smooth extensions of averaged potentials U, denoted Uj and Uj^i 
respectively and defined as follows: 




U{9'), if r e 7;(po/2) 

> c/(r) + 1 dist(r , 7^,,,■)^ if ^ 7;(po). 

U{9n, if r e T,-i(po/2) 

> + |dist(P,7|,,_l)^ if ^ 7;-_i(po), 



(36) 



In the regions 9'^ G Tj{po) \ Tj{po/2) (resp. G Tj_i(po) \ ^i-i(Po/2) ) we smoothly 
interpolate so that t/j (resp. Uj^i) are monotonically increasing with respect to the 
distance to JEjj (I'esp. 'Je^j-i)- Since 7^^^ and 7^^.j_i are smooth curve in T^, by 
choosing b small enough this is possible. In particular, Uj >U in the region 7}(po/2) 
(resp. Uj-i >U in the region 7j_i(po/2)). 
We write 

Hl,(9\r,r)^K(n-U,(9^) + V^P(9^r,r) for i = 

For each E G [-Ej - 26, Ej+i + 26] we define 

ai{ch{E)) ^ aHi.{ch{E)), Ai{ch{E)) ^ AHi.{ch{E)) for i = 

We need to justify that these definitions are independent of the choice of the modi- 
fication Ui^s or the decompositions K — Ui + \^P, i = j — 1, J- So we provide the 
following proposition. Recall that tt : T*T* — > denotes the natural projection. 
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Proposition 11.1. Let Hlj{e',P,T) = K{P) - Uj{e') + ^P^O^I^r) he a Hamzl- 
tonian satisfying the genericity conditions [DR1]-[DR3] for an integer homology class 
h G i/i(T*,Z). There exists Eq = eo{K,U, E) > such that for < e < Eq the 
following hold. 

1. The definitions of aj and Aj{ch{E)) are independent of the decomposition 

H:/e% P, r) = K{P) - + v/^P(r, P, t) 

as long as H^j satisfies [DR1]-[DR3] for h; the definitions are also independent 
of the modification Uj, as long as the extensions satisfies the above properties. 

2. For each E G [Ej—2b, Ej+i+2b], we have the projected local Aubry set Aj{ch{E)) 
is contained in the tube neighborhood Tj^po) by Key Theorems^ and^ 

By Key Theorem |^ for Aubry sets Aj{ch{E)) C A^f ^'^-'"''^ we have that the 
projection -KgflAji^ChiE)) is one-to-one with Lipschitz inverse. 

3. For each E G [Ej - 2b, Ej+i + 2b] we have 

a{ch{E)) = max{aj{ch{E)) , aj-i{ch{E))} . 

In particular, aj{ch{E)) > aj-i{ch{E)) for E = Ej — b and aj+i{ch{E)) > 
ajichiE)) forE = Ej + b. 

4. For any E G [Ej — b,Ej+i + b], if a{ch{E)) = aj{ch{E)) and a{ch{E)) 7^ 
aj-i{ch{E)), then AH^{ch{E)) = Aj{ch{E)). Similar statement hold with j and 
j — I exchanged. 

The proof uses the following lemma, which implies independence of the local Aubry 
set on the decomposition or the choice of the modification. 

Lemma 11.2. Let H'^j = K - U'j + ^P' and E^ j = K - Uj + y/eP be such that 
• = Hl^ for each 6^ G T,(po). 



• For E G [Ej — 2b, Ej + 2b], we have that U and Uj satisfy conditions (36). 

• \\P\\C2,\\P\\C2<1. 

Then for sufficiently small e and for E G [Ej — 2b, -Ej+i + 2b] 

A^.,{cH{E))=AH^^^{ch{E)). 

The proof follows the same analysis as in the single peak case (section 5.2.1 [13J). 

This completes the proof of Theorem 23 items l.(a) and l.(b). In the case simple, 
noncritical with low energy the construction is the same with replacing the pair of 
disjoint geodesies 7^ and Iej-i the other disjoint pair 7^ and 7^^^. 
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11.4 Generic property of the Aubry sets AH^{ch{E)) 

In this section we discuss the property of the sets AHi{ch{E)) for E G [Ej — 2b, -Ej+i + 
2b] if we allowed to make an additional perturbation. We prove Theorem |23] items 2 
and 3 on absence of invarian curves of homoclinics and ergodicity of Aubry sets. It is 
convenient for us to fix a modified Hamiltonian and base all discussions on this 
system. 



From Proposition 11.1 , we have that the sets Ah'^ . {ch{E)) (we will write Aj{ch{E)) 

for brevity in this section) are contained in the NHIC M.y^^^ , and 7Cgf\Aj{ch{E)) 
is one-to-one. We will study finer structures of the Aubry sets, by relating to the 
Aubry-Mather theory of two dimensional area preserving twist maps. We will prove 
the following statement. 

Proposition 11.3. There exists eo > such that for < e < eo, there exists ar- 
bitrarily small perturbation H^'' of H^, such that {H^'' — is supported near 

EE' ~ 

M.^^ ^'^^ and for each E E [Ej — 2b,Ej^i + 2b], AffS,,(ch{E)) supports a unique 
c-minimal measure. 

Similarly, there exists an arbitrarily small C" perturbation H^'' of Ht, such that 
{H^'' — H^) is supported near J^^^f and such that for A* defined in (35) the corre- 



sponding Aubry se^ ^jjs ,(A*c/i(0)) fl {t = 0} is a discrete non-empty set and X*Ch{0) G 

■pO,Eo 
^ h,s ■ 

Notice that this Proposition follows from a basic fact from dynamical systems: a 
generic Hamiltonian system has Kupka-Smale property, which is all periodic orbits 
are hyperbolic (eigenvalues are either real or not a root of unity) and stable /unstable 
manifolds intersect transversally (see Robinson [68j). In our case a slight difference 
is that we need to perturb an ambient system of 2.5 degrees of freedom and recover 
generic properties of a restriction onto 3-dimensional cylinder. This does not cause 
serious difficulties. For additional details one can see Proposition 6.6 



11.5 Generic property of the a- function and proof of Theo- 
rem [T3] 



After obtaining the desired properties for the local Aubry set, we now return to the 
Hamiltonian H^. If E e [Ej b, Ej+i - 6], we have that AHi{ch{E)) = AH„j{ch{E)). 



For E G [Ej^i — b, -Ej+i + b] , Proposition 11.1, statement 3 and 4 shows that it suffices 



to identify whether a{ch{E)) is equal to aj{ch{E)) or aj^i{ch{E)). 

Proposition 11.4. Assume that if| = K — U -\- \feP is such that it satisfies [DRl]- 
[DR3] for some integer homology class h. Then there exists eo > such that for < 
e < eo, there exists an arbitrarily small perturbation H^'' of such that {H^'' — H^) 
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is supported near ^A^^f"^^^ 
ffs,f Proposition 11 



and has the following properties. For the Hamiltonian 
and Proposition 11.3 still hold, in addition, there exists only 
finitely many E G [Ej+i — b, -Ej+i + b] such that aj{ch{E)) = aj+i{ch{E)) . 

The proof rehes on the following simple remark. The function aj{ch{E)) is as a 
function of E is for the same reason as it is in the single peak case. It is easy 
to perturb a potential Uj so that in the tube neighborhood Tj{po/2) it is shifted by 
a constant s and smoothly interpolated to zero outside. Denote the family of these 
potentials Uj. Notice that the a-functions and associated to Ch{E) associated 
to the Hamiltonian K — + \feP are 



OLj_x{Ch{E)) 



and a]{ch{Ey) = aj{ch{E)) + s, 



where aj^i{ch{E)) is the a-function associated to K—Uj^l + ^/eP. By Sard's theorem, 
there exists an arbitrary small regular value s* of the difference a. 



a,{cH{E)). 
a%Ch{E)). 



If s = s* 
Therefore, 



is such a value, then is a regular value of aj 
there are only finitely many solutions Ej to aj. 



Ch{E)). This justifies Proposition 11.4 and completes the proof of Theorem 



-lickiE)) - 
-lichiE)) - 
{ch{E)) = 
in 
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the case of simple or non-simple, high energy. 

In the case of simple, non-critical, low energy the same arguments applies. The 
only bifurcation value of the average mechanical system is £^ = 0. Then we can 
replace 'y's j-i with 7q and 7,^'^ and localize our perturbations near the latter 

ones. 

Recall that {Ej}j C [Eq, E] denotes a finite ordered set of bifurcation values with 
C(j+i{ch{E)) given by Proposition 11.4 



aj{ch{E)) 



11.6 Nondegeneracy of the barrier functions 



In this section we prove Theorem 14 and complete a proof of Key Theorem M We 



have concluded that it suffices to show that Fofe) 



T*(e) and T.(e) 



given 



by Theorem [14 
statement. 



We show that this is the case by proving the following equivalent 



Proposition 11.5. Let H'^ be a perturbation of such that the conclusions of 



Theorem I4 holds, then there exists an arbitrarily small C" perturbation H'J to H'^ such 

EE' 

that (H'J — H2l is supported away from M.y^'^ and such that for the Hamiltonian 



H'l Theorem I4 still hold and we have the following properties 



1. For each E E [Eq, E] we have Ani^ichiE)) = Ah'j (chiE)) ; 

2. Consider E E {Ej,Ej^i) such that Awjich^E)) = J\fH^'{ch{E)) and the projec- 
tion TTgf [AwjichiE)) n{t = 0}] = T. Take 6 E Awjichi^E)), and let §0 and h 
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be its lifts to the double cover. We have that the set of minima of both functions 

and (37) 

hH'J,Ch{E){62, 0) + hH'J,Ch(E){0, Oi) 

outside of neighborhoods of the lifts of AH'j{ch{E)) is totally disconnected. In 
other words, [hfn'jich^E)) \ Auijich^E))] fl {t = 0} is not empty and is totally 
disconnected. 

3. For E = Ej+i, take 6' e AwjichiE)) n Mf'f'^' and 9" e AwjichiE)) n 
-^he"^'^^ ■ have that the set of minima of both functions 



hH'J,Ch{E){9', 9) + hH'J,Ch{E){9, 9") 

and (38) 
hH'j,ci,iE){9", 9) + hH'j,Ch(E){9, 9') 

outside of a neighborhood of Ah'j {ch{E)) is totally disconnected. In other words, 
[AfH'j{ch{E)) \ AH;,'{ch{E))] n {t = 0} is not empty and totally disconnected. 

Remark 11.1. Since properties of Aubry and Mane sets are symplectic invariants 
flQi, it suffices to prove this Proposition using the graph property of these cylinders 
in the normal form. See Key Theorem [I]. 

This Proposition is essentially proven in [24j (see pages 263-274). John Mather 
discussed a similar result in his Princeton graduate class in the fall of 2000. We sketch 
modification of their arguments. Numerations of lemmas from there. 

1. Represent local invariant manifold of an invariant curve as a graph of a gradient 
of C^'^-function. It is usually called an elementary solution. See e.g. Lemma 
6.1. 



2. Following Fathi [M] represent the barrier function as the difference of elementary 
solutions. See e.g. Lemma 6.2. 

3. Introduce a new parameter a G M, given by a certain oriented area between 
invariant curves The family of local invariant manifolds has 1/2-Holder de- 
pendence on a (see formula (6.4), |24j). 

4. Show that with respect to two parameters c and a the barrier is 1/2-IIolder (see 
Lemma 6.4). 
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This step will be discussed in more details later. 
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5. Prove that the set of barrier functions parametrized by c's has box-counting 
dimension at most 4 (page 273) 



24 



6. Show that parallel translation of the whole family of barrier functions can 
achieve required nondegeneracy (see Lemma 7.2 [24 
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Now we discuss steps 3 and 6 in more details 
Step 3. By Key Theorem 



we have that our NHIC Mf^'^f'^^ (resp. A^f^^''^') 
a Lipschitz graph over {6^ ^p\t) in the normal form. 

Discretize by taking time one map and denote by vr-^ projection onto [9^ ,p^). Let 
7o be an invariant curve. We parametrize other invariant curves by a as follows: 



a 



Each invariant curve in the domain of definition is uniquely determined by a. Simple 
geometric consideration shows that 

hai -7^2 II < <^|(Ti - (T2^^^ 

where C depends on various Lipschitz constants of the cylinder and invariant curves 
in the Mather graph theorem (see end of page 266 [24j ) . 

This leads through Lemma 6.3 to 1/2-Holder dependence of elementary solutions 
of invariant curves on a. 

Step 6. We state the corresponding statement about parallel translation of the 
whole family of barrier functions. 

Recall that he is the barrier function defined on the covering space (2T)^ x M^, 
^ : (2T)^ X — > x is the covering map, and H is the Hamiltonian hfted to 
the covering space. 

Define the generating function G{x, x') : x — v M by 



G{x,x)= ^ inf / LH{t,-f,j), 

7(0)=x,7(l)=x' Jq 



where Lh is the Lagrangian corresponding to H. A convenient way of to perturb the 
functions he is by locally perturbing the generating functions. Denote by tt : — 

the standard projection. 

We consider the following perturbation 

G'{e,e') = G{e,e') + Gi{e') 



Estimating Hausdorff dimension of a two parameter family with 1/2-Holder dependence on 
parameters is not difficult. See remark at the bottom of page 273 J^^. 
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This step will be discussed in more details later. 
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and denote by h'^ the corresponding perturbed barrier function. We have the following 
statement. 

Lemma 11.6. (l2^ , Lemma 7.1 in our notations) For c = Ch{E) with E G [-Ej, -Ej+i], 
the following hold there are two positive radii pi, P2 > with the following properties. 

1. There exists a family of open sets 0(c) C T x (2T) such that the full orbit of 
any {6,p,t) G Mh{c) \ Aj^{c) must intersect 0(c) in the 9 component. 

2. There exists pi > and u G 0(c) such that if we perturb G{6, 9') by a bump 
function Gi{6') with suppGi C Bp^{u), where Bp^{u) is the ball of radius pi 
centered at u, then for each c = Ch{E) with E G [Ej,Ej^i] the corresponding 
barrier function 

K{9i, 9) + K{9, 92) = hc{9i, 9) + K{9, 9^) + Gi{9) 

for each 9 G 0(c) and each pair 9i,92 G ^~^Aj:j{c) such that 9i and 92 belong to 
different components of Afj{c). 

3. ^0{c)n{9 : \\9''-9'j{c)\\ < pa} = 0, in particular, ^0{c)nAfg{c) = 0. Moreover, 
U = [JEe[E,,E,+^] Oic) IS an open set. 



Due to Step 5 the family of barrier functions (37-38) parametrized by cohomology 



c G {ch{E)} has Hausdorff dimension 4. Using Lemma 11.6 we can translate 
this family so that it has only isolated minima (see Lemma 7.2). Denote by Cq the 
set of C"^ functions with a compact support. 



Lemma 11.7. (l2^ . Lemma 1.2 in our notations) There is a residual"^^ set of func- 
tions Gi G Gq such that with notations of Proposition 11.5 for each E G 
and c = Ch{E) we have that the set of minima outside of neighborhood of the lifts of 
Ag{c) and of Afj{c) resp. 

hcUE){0i, 0) + hcUE){0, h) + Gi{9) 

and 

h,^^^0^9) + h,,^E){e,9") + Gm 

is totally disconnected. 



^^Recall that a set of a topological space is residual (or Baire generic) if it contains a countable 
intersection of open dense subsets. 
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The nontrivial part of this statement is that the nondegeneracy of these barrier 
functions can be achieved for all E G [Ej,Ej_^.i\ simultaneously. This is an uncount- 
able set. Since the aforementioned non- degeneracy property of the barrier functions 
is open, it suffices to prove the above lemma only on a small interval. 



Notice that once Proposition 11.5 is proven we need to prove that the correspond- 
ing cohomology classes T^^ and Tf^ for Key Theorems [s] and [o] resp. There are two 
regimes: 

• diffusing along a cylinder without invariant curves. 

• diffusing transversally to a cylinder along homolinic orbits or from one cylinder 
to another along heteroclinic orbits. 

In the former case Theorem 0.11 [H] applies directly. In the latter case we apply 
Theorem 0.12 [H] with the following modification. 

Consider the corresponding (discrete) Mane and Aubry sets A/'(c) and A{c). We 
proved that ^f{c) \ A{c) is not empty and totally disconnected outside of a neighbor- 
hood of A{c). 

This is a weaker condition, then Af{c) \ A{c) being non empty and containing a 
finitely many orbits. The proof Theorem 0.12 [0] is located in section 9, where the 
author generalizes this Theorem to the following setting. 

Suppose the set Af{c)\A{c) is neat, i.e. admits a compact set /C(c) which contains 
one and only one point in each orbit of the underlying Hamiltonian system and whose 
projection 7r/C(c) onto M (in our case T^) is acyclic. This means that ttIC{c) has a 
neighborhood U whose inclusion into M induces the null map i^, : Hi{U,M.) — > 
Hi{M, R). 

The role of a compact set is played by a compact set in the preimage 7r^^(0(c)) 
of 0(c). The latter condition holds if A/'(c) \ A{c) is totally disconnected. 
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12 Equivalent forcing class between kissing cylin- 
ders 



In this section we prove Key Theorem 10 Recall that we have two homology classes 



h,hi G -ffi(T^,Z) such that h is non-simple, while hi is simple critical and properly 

chosen, i.e. limg s.qtI' = 1e — ''^i7hi '^sT/Jj some ni,n2 G Z+ and a simple 

critical 7°^ (see Lemma |3.2| for more details). We would like to prove equivalence 
of cohomology classes Ch{E) and Ch^{Ei) corresponding to there cohomologies. The 
proof consists of four steps. In section [B| around a (strong) double resonance we define 
a slow mechanical system H'^{ip^,P) = K{P) — [/((/?*). 

1. We construct a special variational problem for the slow mechanical system H^. 
A solution of this variational problem is an orbit "jumping" from one homology 
class h to the other hi. The same can be done with h and hi switched. 

2. We modify this variational problem for the fast time-periodic perturbation 
of if**, i.e. for the perturbed slow system H^{(f'^, P,t) = K[P) — U{(f^) + 
v^P((p^/^r) with T e y/eJ. 

Recall the original Hamiltonian system if^ near a double resonance can be 
brought to a normal form = o and this normal form, in turn, is 
related to the perturbed slow system through an affine coordinate change and 
two rescalings (see section IbI). 



3. We adapt and modify the latter variational problem and prove that its solution 
is an orbit connecting different homologies h and hi. 

4. Using this variational problem we prove forcing relation between Ch{E) and 
cZiE). 



12.1 Variational problem for the slow mechanical system 

Recall that the slow mechanical system is given by 

and let tuq denote the point achieving the minimum of U. Given m G T^, a > and 
a unit vector G M^, define 



S{m, a, co) = {m + Aw : A G (—a, a)}. 



S{m, a,uj) is a line segment in and we will refer to it as a section (see Figure 22). 
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In Proposition 4.2 we defined the cohomology class bh^{E) satisfying tlie condition 



E^o+ PiJE) - c„(E)\\ ' 

Tfie coliomology class 6^ {E) is a modification of hhi{E) ioi < E < e (see also 
Figure 14). 

Proposition 12.1. Suppose the slow mechanical system satisfies conditions [AO]- 
[A4]. Then there exists Cq > such that the following hold. For each < E < cq, 
there exists a section S{E) := S{m{E),a{E),uj{E)), satisfying the following condi- 
tions: 

1. For some a > we have a{E) > a. 

2. m{E) can be chosen so that m{E) — > mo- 

3. We also have 

aHs{ch{E)) = aHs{K{E)), {ch{E) - K{E)) ■ uj{E) = 0. 

4- There exists a compact set K{E) C S{E) such that for all G An'^ichiE)) 
and G An^ibhiiE)) , the minimum of the variational problem 



mm 



yeS(E) 

is never reached outside of K{E). 



{/l5,(^)(x^,2/) + /i^(£;)(l/,^^)} (39) 



5. Assume that the minimum in (39) is reached at yo- Letpi — Ch{E) be any super- 
differential of hcf^(^E){x^, ■) (it yo and —p2 + bhi{E) be any super- differential of 
hharhh^{E){-,z'^) at yo, then 

d^sH'{yo,p,) ■ {ch{E) - IhAE)) and d^sH%yo,P2) ■ {ch{E) - K{E)) 
have the same signs. 
Moreover, the same conditions are satisfied with Ch{E) and hhi{E) switched. 



Remark 12.1. 1. While condition 5 in Proposition 12.1 is stated in terms of 
super- differentials, it can be understood as a statement on the velocity of the 
minimizers. More precisely, let 71 : (— ooO) — > be a backward minimizer 
for /ich(E)(a;^, y), and 72 : (0, 00) — > a forward minimizer for hi^ {E)i.yi z^) 
(see section 10.1), then velocities satisfy 

7i(0) = d^sH%yo,Pi), 72(0) = d^sH%yo,P2). 

In this sense, condition 5 implies that the minimizers cross the section S{E) in 
the same direction instead of "turning back". 
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Figure 22: Jump from one cylinder to another in the same homology 



2. Conditions 3-5 imply the so-called "no corners" condition. In the language of 
the minimizers, conditions 3-5 imply 71 (0) = 72(0), and as a consequence, the 
minimizers 71 and 72 concatenates to a smooth orbit of the Euler- Lagrange flow. 



Proof of Proposition 12.1 . We will first prove the statements for E = and use con- 
tinuity for > 0. 

Recall that Au^ichifS)) = 7°^ U 7°^, and the curves 7°^ and 7°^ are tangent to 
a common direction at mo, which we will call Vq. By the choice of hi, vq is not 
orthogonal to h^. We now explain the choice of the section S{m{E),a{E),u{E)). 
Define uj{E) to be a unit vector orthogonal to Ch{E) — bh^ {E). For a sufficiently small 
Co, we have that uj{E) is transversal to vq for all < < cq. As a consequence, 
for any m{E) sufficiently close to mo, there exists a{E) > such that the section 
S{m{E),a{E),u{E)) intersects 7°^ ^'lh2 transversally. All functions m{E), a{E) and 
u;{E) can be chosen to be continuous, with m(0) = 0, a(0) = a > and a;(0) = v (see 
Figure 22). These definitions imply conditions 1-3 of Proposition 12.1 



Note that Ch{0) = &hi(0). The Aubry set AH={ch{0)) = AH^{bhi{0)) supports a 
unique invariant measure, which is the saddle fixed point. As a consequence, the 



Aubry set has a unique static class. 
AH=(bhj^{0)), the minimum in 



Hence for any x° G AH^ichi^O)) and G 



mm 

yeS(0) 



Ch(0) 



is achieved at 5'(0) fl (7°^ U 7°^). This implies condition 4. 



Moreover, by Proposition 



and h 



10.4 



5^1 (o)i 



part 3, we know that the barrier functions hc^(^o-){x , ■ 
are both differentiable at yo G 5(0) fl (7°^ U 7°2). Assume that 
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Pi — Ch(0) and —p2 + &/ii(0) be the derivatives, then 



d^sH'{yo,pi) 



and d^sH'{yo,p2) 



both equals the velocity of 7/^^ or •jh^ as they cross the section. This implies condition 
5. 

Since conditions 4-5 are satisfied for E' = 0, by Proposition 10. 7| they are also 
satisfied for a sufficiently small E > 0. □ 



12.2 Variational problem in the original coordinates 

The original Hamiltonian is conjugate to the perturbed slow system 

H:{if% I\ r) = Ho{po)/e + K{n - U{^') + P(y.^ r, r). 

We will first describe a variational problem for the system H^, then translate it into 
a variational problem for the system H^. It is no longer true that aHi{ch{E)) = 
au^iphA-^)) — instead, we have the following lemma: 

Lemma 12.2. Fix eo > 0. There exists C > 0, and eo > such that for any 
y < < ^ and < e < eo, there exists < < cq such that 

aniichiE)) = aHs{K{E')). \E - E'\ < C^e. 



Choose e = Cq, we define c^^(-E') as in section section 4.3 By definition, c^y^^E) = 
bhiiE). We choose u'^{E) to be a unit vector orthogonal to Ch{E) — (E), and the 
section S'{E) = S{m{E), a{E),uj'{E)). We have: 

• aHs{ch{E)) = ansicl^E')) and {ch{E) - cl^E')) ■ uj\E) = 0. 

• As e approaches 0, E^ — > E, cl^E') — > cl^E), and u'{E) — y u{E). 



The analog of (39) for is given by 

[hHi-c^{E){x^'\ 0; y, r) + hHs^ci^(E){y, r; 0)| 



mm 



(40) 



where (x^'%0) G AHi{ch{E)) and e Aniicl^E)). Note that the Aubry sets 

A.H'>{ch{E)) and AH'>{c'f^_^{E)) are both supported on a single periodic orbit, and hence 
supports a unique minimal measure. Moreover, by Proposition B.5, Tonelli con- 



verges to H^. By Corollary 10.7, the time periodic variational problem (40) converges 
to the slow variational problem (39) as e — y 0. 



We now convert the variational problem (40) to the original system, and study its 



relation with (39) 
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Recall that the original Hamiltonian can be brought into a normal form system 
N^. The perturbed slow system and the normal form system A^^ are related through 
an affine coordinate change $i and two rescaling operators S20 Si, see section [Bj 

Denote 



5-1 





1 



B 




this is the angular component of the affine coordinate change $l. The 2x2 matrix 
B is defined in (51). According to Propositions B.6 and B.7, the following relations 
hold for the Aubry sets and the barrier functions of and A^^. 

Recall that the functions Ch{E) and Ch{E) are defined by the relation 

Ch{E)=pl + Ch{E)^e. 

Let ^0 be the unique minimum of the function —Z{6,po), we have that 60 = B~^{mo). 
A section S{m, a, u) x ^/i T C x y/e T is mapped under to 

S(0i, a, n, I) = {{01 + Xn + lt,t) eT^ xT : -a < X < a, t G T}, 

where Oi = B-\m), = B-^u, and / = -B-\ko,k'Q) e 1? . We define E^(E) 
using the section S'^iE) x i/eT. We now state the variational problem for the original 
coordinates. 

Proposition 12.3. Let Ch and and E be defined as before. There exist eo > 
and b > such that for < e < eo, there exist < E"^ < cq and a section S'^(i?) : = 
Ti{6i{E),a{E),Q'^{E),l), satisfying the following conditions: 

1. For some a > we have a{E) > a. 

2. m{E) can be chosen so that m[E) — > niQ. 

3. We also have 

auXcHm - anScim) = -{ch{E) - cl^E^)) ■ /, 
ic,iE)-cliE^))-nXE) = 0. 

4- There exists a compact set K such that for all (x'^'^)O) G AnX^hiE)) and 
(C^'S 0) G AnX^hX-^''^^ ' minimum of the variational problem 



mm 



(V',t)GS-(£;) 
is never achieved outside of K 



{i^,t;e'%0)] (41) 
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5. Assume that the minimum in condition 2 is reached at [ipQ^to). Let p\ — Ch{E) 
and — (-^'') super- differentials of the harrier functions hH^,Ch{E){x^''' ^ 0; ■, to) 
and hH^ Chj^(^E){-,to] (,^'^,0) respectively. Then 

{dpH,{^Po,Pl,to)-l)-{c,{E)-cliE')), idpH,{^o,P2,to)-l)-{c,{E)-cl{En) 
have the same signs. 

Moreover, the same conditions are satisfied with Ch{E) and c^^(-E^) switched. 

Theorem 24. Assume that the conclusions of Proposition 12.^ hold. In addition, 
assume that both AnX^hiE)) and AuX^hii.^'')) (admits a unique static class. Then 

ciE) Hh cliE^). 



We prove Key Theorem 10 assuming Proposition 12.3 Theorem 10 and Theo- 
rem [23] in section [TTl 



Proof of Key Theorem\T^ By Proposition 12.3 for the system H^, which is a per- 
turbation of ifg, all conditions of Theorem 24 are satisfied, except the condition of 
uniqueness of static classes. 

The uniqueness of static class is satisfied by the particular choice of perturbations. 
It is proved in Theorem 23 that for the perturbed system, for each Ch{E) and c^^(i?'^), 
the associated c— minimal measure is unique. This implies uniqueness of static class. 

□ 



We prove Proposition 12.3 in section 12.3 and prove Theorem 10 in section 12.4 



12.3 Scaling limit of the barrier function 



In this section we prove Proposition 12.3 It is readily verified that conditions 1-3 
are satisfied by our choice of the section S"^. It remains to prove conditions 4 and 5. 

We will show that the variational problem (39) is a scaling limit of the variational 
problem (41). 

Proposition 12.4. The family of functions hH^,Ch(E){x^''^i^'i'i'^)/ uniformly 
semi-concave, and 



lim inf sup 



hH._,c^{E){x'''% 0; V-, t)/^t-hHs-c^i^E){x'', Btjj + iko, K)t)-C 
uniformly over 0) G An^^^hiE)) and (x^,0) G AH^ {ch{E)) . 



0. 
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Moreover, the super-differential dyhH^,ch(E){x^''' ^^'^''P^'t) / converges uniformly 
to a super- differential of the limit, in the sense that 

uniformly over x^'^ O'^'^d . The same conclusions apply to the harrier function 

To prove Proposition |12.4 we first state some relations between the Aubry sets 
and the barrier functions for the system and the perturbed slow system H^. 



Proposition 12.5. Assume that the cohomologies c and c satisfy 

Then the following hold: 

• an, (c) = eani (c) - i/e c ■ (fco, ^o) ■ 



(42) 



d{AHXc),B ^Ahi{c)) = 0(e), where d is Hausdorff distance between sets in 
X T. 

For {6i,ti) = ^l{(pf,Ti/^/e), i = 1,2, we have 

hH„c{Oi,ti] 02, = hui^ci^i, n; V92, r2)- + 0(e). 



Proposition |12.5| is a consequence of Propositions |B.6[ |B.7| and |B.8[ In addition, 
the following is known about semi-concavity of the barrier function, for a nearly 
integrable system. 

Proposition 12.6 ([I3], Proposition 5.4). Let B C if"'^(T^,M) he a hounded set, there 
is a constant K > Q and eo > 0, such that all weak KAM solutions of Lh^,c for c E B 
and < e < eo are K y/e— semi-concave. 



Proof of Proposition \12.4 By Proposition 12.5 and Proposition 12.6, we have that 
the family of functions /;.He,Ch(£;)(x^'% 0; t)/-\/e is uniformly semi-concave, and con- 
verges to the same limit as 

as e — > 0. Here x^'' G Ah^ and {y,T/y/e) = {^l)''^{ijj,t). By Corollary 



10.7 



the 

functions hHf{x^''',0;y,T) converges uniformly to hHo{x^,y) as e — )■ 0. This proves 
uniform convergence. 

The convergence of super-differential is proved in the same way as the second part 
of Corollary p:o:7l □ 



Proposition 12.3 immediately follows from Proposition 12.4 and Proposition 12.1 
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12.4 Proof of forcing relation 



In this section we prove Theorem 24 , We fix a Tonelh Hamiltonian H : T*T^ x T — > M 
and drop all subscript indicating the Hamiltonian. We rephrase the three conditions 
in Theorem 112.31 as follows: 

There exists cohomologies ci, C2 and a section E(5i, a, fi, /) such that the following 
hold. 

Nl. a(ci) - a{c2) = -(ci - C2) ■ /, (ci - C2) ■ ri = 0. 

N2. There exists a compact set K such that for any x E A{ci) and z G A{c2), the 
minimum of the variational problem 

mm_{h^^{x,0;y,t) + K^{y,t;z,0)} 

is never taken outside of K. 

N3. Assume that the minimum N2 is reached at {yo, to), and let pi — C\ and — ^2 + C2 
be any super-differentials of h(.^{x,^\ -,1) and hc^i-yto; z,0) respectively. Then 

{dpH{yo,Pi,to) - /) ■ (ci - C2), {dpH{yo,P2,to) - /) • (ci - C2) 

have the same signs. 

N4. Both A{ci) and A{c2) contains a unique static class. 



The following statement implies Theorem 24 



Proposition 12.7. Assume that c\, C2 and S satisfies the conditions N1-N4- Then 
the following hold. 

1. (interior minimum) There exists N < N',M < M' G N and a compact set 
K' C S, such that for any semi-concave function u on T^, the minimum in 

v{z) := min{u(a;) + Acj^{x, 0;y,t + n) + Ac^^y, t + n; z,n + m)}, (43) 

where the minimum is taken in 

X eT^, {y,t) ei:, N <n < N', M <m < M', 

is never achieved for {y,t) ^ K' . 



2. (no corner) Assume the minimum in (43 ) is achieved at {y, t) = {yo, to), (n, m) = 
{no,mQ), and the minimizing curves are 71 : [0,to + ^^o] — >■ md 72 : 
[to + no, to + no + mo] — > T^. Then 71 and 72 connect to an orbit of the 
Euler-Lagrange equation, i.e. 

ii{to + no) = 72(^0 + '^o)- 
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3. (connecting orbits) The function v is semi- concave, and its associated pseudo- 
graph satisfies 

0<t<N'+M' 

As a consequence, 

Ci h C2. 

Remark 12.2. This Proposition represents a more sophisticated version of Propo- 
sition 5.1. Points X G T^, where minimum is achieved for some {y,t) G K', z G 



T ,n,m, are points of differentiability of u. At such points the pseudograph Q, 



Cl,«l 



is well-defined. Similarly, to Proposition \5.1\ we prove that for each minima xq G 
T^ (i/o,to) & K\ N < no < N\ M < mo < M' we have v7"o+"^"(a;o, c^m + ci) = 
{z, dv + C2). 

Taking N and M large forces solutions to this variational problem to start at 
some Xq, then approaches A{ci) and spend long time nearby, then approach A{c2) 
and also spend long time nearby. Thus, the corresponding solutions approach to some 
heteroclinic orbits connecting A{ci) andA{c2). 

Conclusion 1 from Proposition |12.7| is a finite time version of condition N2. In 
order to prove this statement, we need a uniform convergence property of the function 
Ac to the barrier function and a characterization of h^. 

Lemma 12.8. 1. Let u be a continuous function on T^. The limit 

hm hm min {u{x) -\- AJx , 0; y , t -\- n)} = 

N — s>oo N' — s>oo x&T^,N<n<N' 

= min {u{x) + hc{x, 0; y, t)} 
is uniform in u and {y, t) . 
2. The limit 

hm hm min AJy.t; z,n) = hJy,t; z,0) 

N^oo N'—^oo N<n<N' ' ' ^ ' ' ^ 

is uniform in y, t, z. 

Proof. The proof of the first item is similar to the proof of Proposition 6.3 of [9] with 
some auxiliary facts proven in Appendix A there. The proof of the second item is 
similar to that of Proposition 6.1 from [9J. 

In both cases the action function, defined in (2.4) and (6.1) of [9J, is restricted 
to have integer time increment. For non- integer time increments the same argument 
applies. □ 
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Using Lemma 10.8 and Lemma 10.9 , we have the following characterization of the 
barrier functions. 

Lemma 12.9. Assume that A{c) has only one static class. For each point {y,t) G 
X T and each z eT'^ 

1. there exists Xq G and Xi G A{c) such that 

min {u{x) + hc{x, 0; y,t)} = u{xq) + hc{xQ, 0; Xi, 0) + hc{xi, 0; y, t). 

2. there exists zi G A{c) such that 

hciy, t; z, 0) = hc{y, t; zi, 0) + hc{zi, 0; z, 0). 



To prove the second conclusion of Proposition 12.7 we need a characterization of 



the super-differentials of the function Ac obtained in Propositions |10.1| part 3, and 

MM 



Proof of Proposition 12.7 According to Lemma 12.8, (43) converges uniformly as 
> oo to 



N,M 



min {u{x) + hc-^ix,0;y,t) + hc^iv , t; z , 0)} , 

x,y,t 



which is equal to 



min {u{xo) + /ici (xq, 0; Xi, 0) + hc-,{xi,0;y,t) + hc2{y,t; zi,0) + hc2{zi,0; z,0)} 

= min {const + hc-,{xi,0;y,t) + hc^{y,t; Zi,Q) + hc^{zi,Q; z,Q)}. 



by Lemma 12.9 Since the above variational problem has a interior minimum due to 



condition N2, by uniform convergence, the finite-time variational problem (43) also 
has an interior minimum for sufficiently large A^, M. 

We now prove the second conclusion. Let 71 and 72 be the minimizers for 
Ac^{xo,0;yo,to + no) and Ac^iyoyto + no;z,no + mg), and let pi and p2 be the as- 
sociated momentum, we will show that 



Pi{to + no) = P2{to + no), 

which implies 71 (to + no) = 72(^0 + '^o)- To abbreviate notations, we write p\ 
Pi (to + ^0) and P2 = P2iio + '^o) for the rest of the proof. 
Note that 

Ui{xq) + v4ci(a;o,0;?/o,to + %) = min{Mi(a;) + ^^^(x, 0; ?/o, to + ^o)}- 
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By semi-concavity, the function ui{x) +Acj^{x, 0; yo, to + ^o) is differentiable at xq and 
the derivative vanishes. By Proposition 10. 1| part 3, 



4(mi)(xo) =Pi(0) -ci. (44) 
By a similar reasoning, we have 

Ac-, (xo, 0; yo, to + no) + A^^ {yo, to + no] z, uq + mo) 

= mm_{Ac,{xo,0;y,t + no) + Ac2{y,t + no; z,no + mo)}- 

By semi-concavity, we have 

= dy{Ac-, {xo, 0; y, to + no) + A^^ {y, to + no; z, no + m^)\y=y^ ■ Q 

= (p?-ci-p° + C2)-fi = (p?-p°)-a 

Hence 

GM(Ci-C2). 

We proceed to prove = P2- 

By the definition of T,{9i,a,Q,l), the vector (/, 1) is tangent to S. As a conse- 
quence, 

= d^y^t){Ac,{xo,0;y,t + no) + Ac:,iy,t + no; z,no + mo))\t=to ■ 1) 
= (Pi - P2) ■ ^ - (ci - C2) • / - H{yo, Pi, to) - a{ci) + H{yo, pi, to) + a(c2) 
= -H{yo, p\, to) + H{yo, pi, to) + (p? - pi) ■ I, 

where the last equality uses condition Nl. 

Since the function H{yo,p, to) — p ■ I is convex in p, the equation (in A) 

H{yo,pl,to) -p\-l = H{yo,p\ + A(ci - C2),to) - (p? + A(ci - C2)) ■ /, 

has at most two solutions, one of which is A = 0. If A = 0, we have p\ = p^. 

To rule out the other possibility, we observe the following simple property of a 
one- variable convex function. For / convex, if the equation / (A) = a has two solutions 
Ai and A2, then /'(Ai) and /'(A2) have different signs. Indeed, by RoUe's theorem, 
there is Aq G (Ai,A2) with f'{\o) = 0, and /' is a monotone function. Apply this 
observation to H{yo,Pi + A(ci — C2),to) — {Pi + A(ci — C2)) ■ /, we conclude that if 
pI = Pi + A(ci — C2), with A 7^ 0, then 

{dpH{yo,pi,to) - I) ■ (ci - C2), {dpH{yo,p2,to) - I) ■ (ci - C2) 
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have different signs. This is not possible due to condition N3. Since coincidence of 
momentum for the Hamiltonian flow is equivalent to the coincidence of velocity for 
the Euler-Lagrange flow, the second conclusion follows. 

As a consequence, (71, Pi) and (72,^2) connect as a solution of the Hamiltonian 
flow. Using (44), we have 

^'"°^"'°{xo,du^{xo) + ci) = {z,p2{no + mo)). 

Note that p2{no + mo) — C2 is a super-differential to v at z. If v is differentiable at z, 
then p2 = dv{z) + C2- This imphes 



^ u 

v yci,u 



0<t<N'+M' 

and the forcing relation. □ 
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A Generic properties of mechanical systems on 
the two-torus 



Most of this section is devoted to proving Theorem |4} At the end of the section we 
prove Theorem [5j 

Fix a homology class h G //i(T^,]R). We call a periodic orbit of the Hamiltonian 
system (globally) p£;-minimal, if it is associated to a shortest geodesic curve for the 
Jacobi metric pe in the homology class h. We will also introduce the notion of a 
locally minimal orbit, if the associated closed curve minimize the length, over all 
closed curves in its neighborhood and with homology h. 

We will prove that for a generic if*, for energies Eq < E < E, the globally minimal 
orbits are hyperbolic. To achieve this, we study generic properties of non-degenerate 
orbits. We say that a periodic orbit of a Hamiltonian system is non-degenerate, if 
the differential of the associated Poincare return map on its energy surface does not 
have 1 as an eigenvalue. Note that a non-degenerate orbit could have eigenvalues on 
the unit circle, hence not necessarily hyperbolic. 

The proof of Theorem |4] consists of three parts. 



In section A.l we prove a Kupka-Smale-like theorem about non-degeneracy of 
periodic orbits. For a fixed energy surface, generically, all periodic orbits are 
non-degenerate. This fails for an interval of energies. We show that while de- 
generate periodic orbits exists, there are only finitely many of them. Moreover, 
there could be only a particular type of bifurcation for any family of periodic 
orbits crossing a degeneracy. 



In section A. 2 we show that a non-degenerate locally minimal orbit is always 
hyperbolic. Using part I, we show that for each energy, the globally minimal 
orbits is chosen f a finite family of hyperbolic locally minimal orbits. 



3. In section A. 3 we finish the proof of Theorem |4j This amounts to proving the 



finite local families obtained from part II are "in general position'' 



A.l Generic properties of periodic orbits 

We simplify notations and drop the supscript "s" from the notation of the slow me- 
chanical system. Moreover, we treat ?7 as a parameter, and write 

H^{^, I) = K{I) - U{^), eeT\ / e M^ U e C'XT^). (45) 

We shall use U as an infinite- dimensional parameter. As before is a kinetic energy 
and it is fixed. Denote by = C"'(T^) the space of potentials, x denotes {^p,I), 
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W — X M^, and either (p^ or <l>(-,t,[/) denotes the flow of (45). We will use 
X^{x) = {dK,dU){x) to denote the Hamiltonian vector fleld of and use Se to 
denote the energy surface {H^ = E}. We may drop the superscript U when there is 
no confusion. 

By the invariance of the energy surface, the differential map D^fY deflnes a map 

Since the vector fleld x{^) is invariant under the flow, D^^p induces a factor map 

DxVti^) ■ T^Sh(x)/^x{x) — > T^u(^^)SH(x)/^x{Vt{x)). 
Given Uq eQ'', xq eW and to G M, let 

V = V{xo) X (to - a, to + a) X V{Uo) 
be a neighborhood of (a;o, to, Uq), V{xo, to) of (xo, to), and V{(p^°{xo)) a neighborhood 



of (p^°{xq), such that 



cp^ix)eViip]^:ixo)), (x,t,f/)GV. 



By flxing the local coordinates on V{xo) and V{{p¥{xx)), we deflne 



Dx^ : V 



^P(I), 



where Dx^{x,t,U) is the 2x2 symplectic matrix associated to D.j.ip^{x) under the 
local coordinates. The deflnition depends on the choice of coordinates. 

Let {<^f°(xo)} be a periodic orbit with minimal period to. The periodic orbit is 
non- degenerate if and only if 1 is not an eigenvalue of Dx^{xq, to, Uq] 
we identify two types of degeneracies: 



27 



Furthermore, 



1. A degenerate periodic orbit (a;o,to,f/o) is of type I if Dx^^xo^tQ^Uo) = Id, the 
identity matrix; 

2. It is of type II if Dx^{xo, to, Uq) is conjugate to the matrix [1, /i; 0, 1] for fi 0. 
Denote 



N 



|J ^ :/iGM\{0}|, 0{N) = {BAB-' : Ae N,B e Sp{l)}. 



Then (xo,to, Uq) is of type II if and only if Dx^{xo,to, Uq) G 0{N). 



^^Note that we are interested in non-degeneracy for minimal period of periodic orbits only. As 
the result eigenvalues given by exp{2n ip/q) with integer p,q ^ are allowed 
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Lemma A.l. The set 0{N) is a 2 -dimensional submanifold of Sp{l). 
Proof. Any matrix in 0{N) can be expressed by 



a b 




'1 






' d -b 




1 — acfi a^fi 


c d 







1 




—c a 




—c^fi 1 — acfi 



where ad — bc= 1 and yU 7^ 0. Write a = a? 11 and (3 = acfi, we can express any matrix 
in 0{N) by 

1-/3 a 
1-/3V« 1-/3 



(46) 

□ 



The standard Kupka-Smale theorem (see [OS], [HZ]) no longer holds for an interval 
of energies. Generically, periodic orbits appear in one-parameter famihes and may 
contain degenerate ones. However, while degenerate periodic orbits may appear, 
generically, a family of periodic orbits crosses the degeneracy "transversally" . This is 
made precise in the following theorem. 

Theorem 25. There exists residue subset of potentials Q' of Q^' , such that for all 
U E Q' , the following hold: 

1. The set of periodic orbits for ip^ form a submanifold of dimension 2. Since a 
periodic orbit itself is a 1-dimensional manifold, distinct periodic orbits form 
one-parameter families. 

2. There is no degenerate periodic orbits of type L 

3. The set of periodic orbits of type II form a 1-dimensional manifold. Factoring 
out the flow direction, the set of type II degenerate orbits are isolated. 

4. For Uq G , let G W x ]R+ denote the set of periodic orbits for ip^ , and 
A^' C A^o denote the set of type II degenerate ones. Then for any {xq, to) ^ A^ , 
let V{xo,to) be a neighborhood of {xo,to). Then 



D,^\u=Uo-^''"r\V{xo,to) 
is transversal to 0{N) C 5*^(1). 



Sp{l) 



Remark A.l. Statement 4 of the theorem can be interpreted in the following way. 
Let A{X) be the differential of the Poincare return map on associated with a family of 
periodic orbits. Then if A{Xq) G 0{N), then the tangent vector A' (Xq) is transversal 
to 0{N). 
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We can improve the set Q' to an open and dense set, if there is a lower and upper 
bound on the minimal period. 

Corollary A. 2. 1. Given < Tq < Ti, there exists an open and dense subset 
Q' C , such that the set of periodic orbits with minimal period in [Tq, Ti] 



satisfies the conclusions of Theorem 25 



2. For any Uq G Q' , there are at most finitely many type II degenerate periodic 
orbits. Moreover, there exists a neighbourhood V{Uq) of Uq, such that the set 
of type II degenerate periodic orbits depends smoothly on U . (This means the 
number of such periodic orbits is constant on V{Uo), and each periodic orbit 
depends smoothly on U.) 

We define 

F -.W xR+ xQ'' — >W xW, (47) 

F{x,t,U) = U)). 

F is a C"""^— map of Banach manifolds. Define the diagonal set by A = {{x,x)} C 
W X W. Then {ipf°{xo)} is an period orbit of period to if and only if (xo,to; ^o) ^ 
F-^A. 

Proposition A. 3. Assume that {xo,to,Uo) € F^'^A or, equivalently, xq is periodic 
orbit of period to for and that to is the minimal period, then there exists a neigh- 
borhood V of (xo, to, Uq) such that the map 

d7ciD^.,t^u)F : T^,,t,u){W x x S") ^ TF(^.,t,u){W x W)/TA 

has co-rank 1 for each (x, t, U) G V, where dn^TiW xW) — > T{W x W)/TA is the 
standard projection along TA. 

Remark A. 2. // the aforementioned map has full rank, then the map is called 
transversal to A at (xo,to,t/o). However, the transversality condition fails for our 
map. 

Given 5U G the directional derivative -D(7$ ■ 6U is defined as follows 
^|e=o'^'(a;, t, U+e5U). The differential Du^ then defines a map from TQ^ to Ti^(^x,t,u)W ■ 
The following hold for this differential map: 

Lemma A. 4. 166] Assume that there exists e > such that the orbit of x has no 
self-intersection for the time interval (e, r — e), then the map 

DuHx,r,U):g'- —^n^,,r,u)W 

generates a subspace orthogonal to the gradient VH^ {^{x, r, U)) and the Hamiltonian 
vector field x^i^ix,T, U)) of . 
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Proof. We refer to |66j, Lemma 16 and 17. We note that while the proof was written 
for a periodic orbit of minimal period r, the proof holds for non-self-intersecting 
orbit. □ 

Proof of Proposition A . 3[ We note that if {ip^lx)} is a periodic or bit o f minimal 
period r, then the orbit {(p]^ {x')} satisfies the assumptions of Lemma A. 4 It follows 
that the matrix 

dni o DuF = [D,^ - I Dt^ Du^] 
has co-rank 1, since the last two component generates the subspace 

Image (Du^) + Mx^, 

which is a subspace complementary to VH^ . □ 

Proposition |A. 3 allows us to apply the constant rank theorem in Banach spaces. 

Proposition A. 5. The set F~'^A as a subset of a Banach space is a suhmanifold 
of codimension 2n — 1. If r > A, then for generic U G , F^^A fl 'Kj^^{U} is a 
2- dimensional manifold. 

Proof. We note that the kernel and cokernel of the map c/tt o DuF has finite codi- 
mension, hence the constant rank theorem (see [T], Theorem 2.5.15) applies. As 
a consequence, we may assume that locally, A = Ai x (—a, a) and that the map 
TTi o F has full rank. Since the dimension of Ai is 2n — 1, F~^A is a submanifold of 
codimension 2n — 1. The second claim follows from Sard's theorem. □ 

Denote A = F~^A. On a neighbourhood V of each {x^.tQ, Uq) G A, we define the 
map 

: A n V ^ Sp{l), D^x, t, U) = D^U^)- (48) 

First we refer to the following lemma of Oliveira: 

Lemma A. 6 ([66j, Theorem 18). For each (xq, to Uq) G A such that to is the minimal 
period, let Q he the set of tangent vectors in T(^xo,to,Uo)^ of the form (0,0, V). Then 
the map 

DuD.^ : g T^,*(.„,„,j/,)5p(l) 

has full rank. 



Corollary A. 7. The map (48) is transversal to the submanifold {Id} and 0{N) of 
Sp{l). 



159 



Denote 



Aid = An D^<!>)-\{Id}) and A^v = A n D^<!>)-\0{N)). 

Note that the expression is well defined because both preimages are defined indepen- 
dent of local coordinate changes. 



Proof of Theorem The first statement of the theorem follows from Proposition A. 5 
As the subset {Id} has codimension 3 in Sp{l), Aid has codimension 3 in A, and 

hence has codimension 2n + 2 inW x x Q^. By Sard's lemma, for a generic U & Q^, 

the set Aid H vr^^ is empty. This proves the second statement of the theorem. 

Since the set 0{N) has codimension 1, A^v has codimension 1 in A, and hence has 

codimension 2nmW x IR+ xQ"^. As a consequence, generically, the set A^ = AjvPitTj}"^ 

has dimension 1. This proves the third statement. 

Fix Uo e g', the set A^» = A fl %^(f/o) has dimension 2, while A^" C A^" has 

dimension 1. It follows that at any (a;o,to) ^ A^°, there exists a tangent vector 



such that 



5t) G r(.o,*o)A^" \ T(.„,,„)A^° 

{Sx, St, 0) e Ti^^g^to,Uo)^ \ T{xo,to,Uo)^N- 



It follows that 

is not tangent to 0{N). Since 0{N) has codimension 1, this implies that the map 
Dx^\u=Ufj is transversal to 0{N). This proves the fourth statement. □ 



Proof of Corollary A. 2 . If a potential U G G', then by Theorem 25 conditions 1-4 
are satisfied. In particular, all periodic orbits are either non-degenerate or degenerate 
satisfying conditions 3 and 4. Non-degenerate periodic orbits of period bounded both 
from zero and infinity form a compact set. Therefore, they stay non-degenerate for 
all potential C^-close to U. By condition 3 degenerate periodic orbits are isolated. 
This implies that there are finitely many of them. Condition 4 is a transversality 
condition, which is open for each degenerate orbit. □ 



Fix U G ^' as in Corollary A. 2 It follows that periodic orbits of (f^ for one- 
parameter families. We now discuss the generic bifurcation of such a family at a 
degenerate periodic or 

Proposition A. 8. Let {xx,tx) be a family of periodic orbits such that (a;o, Aq) is 
degenerate. The one side of \ = Aq, the matrix Dx'-Pty^^xx) has a pair of distinct real 
eigenvalues; on the other side of X = Aq, it has a pair of complex eigenvalues. 
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Proof. Write v4(A) 
assume that A(Ao) 

the set of traceless matrices [a, b; c, —a]. Using (46 ), we have a basis of the tang space 
to 0{N) to [1, /i; 0, 1] is given by 



Dx^p^^lxx) for short. By choosing a proper local coordin we may 
-- [1, /i; 0, 1]. The tangent space to Sp{l) at [1, fi; 0, 1] is given by 







and 



-1 ■ 

-2/3/a -1 



An orthogonal matrix to this space, using the inner product tr{A^B), is given by 
[0, 0; 1, 0]. As a consequence, a matrix [a, b; c, —a] is transversal to 0{N) if and only 
if c 7^ 0. 

The eigenvalues of the matrix 

1 + ah fi -\- bh 
ch 1 — ah 

are given by A = 1 ± a/ a^/i^ — bch'^ — jj^ch. Using jj^ ^ and c 7^ we obtain that 
a^/i^ — bch'^ — fich changes sign at h = 0. This proves our proposition. □ 



A. 2 Generic properties of minimal orbits 

In this section we study the second item of the plan proposed in the beginning of 
this Appendix. Namely, we analyze properties of families of minimal orbits. It turns 
out that non- degenerate minimizers are hyperbolic. Naturally, hyperbolic periodic 
orbits form smooth families parametrized by energy. However, generically there are 
not only non-degenerate local minimizers, but also isolated degenerate ones, which is 



somewhat surprising (see Proposition A. 14). We manage to show that such degenerate 



local minimizers generically are not global. The main result of the section is Theorem 



Let d-E denote the metric derived from the Riemannian metric pE- We define the 
arclength of any continuous curve 7 : [t,s] — > by 



7V-1 



hi^) = sup rfE(7(ti), 7(ti+i)), 



i=0 

where the supremum is taken over all partitions {[tj, ti+i]}^Q^ of [t, s]. A curve 7 is 
called rectifiable if Ie{i) is finite. 

A curve 7 : [a, b] — >■ is called piecewise regular, if it is piecewise and 
7(t) 7^ for all t G [a,b]. A piecewise regular curve is always rectifiable. 

We write 

= inf lEiv), 
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where Cj^ denote the set of all piecewise regular closed curves with homology h G 
i?i(T^, Z). A curve realizing the infimum is the shortest geodesic curve in the homol- 
ogy h, which we will also refer to as a global {pE, /?.)-minimizer. 

We fix the homology h and will omit h when there is no confusion. 

It is well known that for any E > — min^ U{(p), a global p^;— minimizer is a closed 
p^;— geodesic. Hence, it corresponds to a periodic orbit of the Hamiltonian flow. 

A global p^;— minimizer is always a closed geodesic of the Riemannian metric pe, 
and hence is associated with a periodic orbit of the Hamiltonian flow. We say that a 
a closed geodesic 7 of the m pe is hyperbolic if the associated Hamiltonian orbit 7 is 



hyperbolic. We have the folio statement, in relation to the discussions in section A.l 



Proposition A. 9. Assume that 'y is a {pE-,h) — minimizer, and assume that the as- 
sociated periodic orbit 7 is nondegenerate. Then 7 is hyperbolic. 

We first introduce some definitions. Let Lh{^P,v) be the Lagrangian associated 
to the Hamiltonian H{(p,I), and we use the same notation to denote its lift to the 
universal cover x M^. A piecewise curve x : M — > is called Lj^— minimizing, 
if 

b rb 



LH{x{t),x{t))dt = M / LH{y,y{t))dt, 
y Ja 



where the infimum is taken over all piecewise curves y : [a, b] — y with y{a) = 
x{a) and y{b) = x{b). It is well known that any Lj;/— minimizing curve is a solution 
of the Euler-Lagrange equation, and corresponds to a solution of the Hamiltonian 
equation. 

Let 7(t) = be a solution of the Hamiltonian equation. We use [5x,5p) 

to denote the local coordinates of T(T^ x M^) induced by the coordinates (a;,p). We 
call the linear subspace V{x,p) = {{0,6p)} C T(2;p)(T^ x M^) the vertical subspace. 
The orbit 7 is called disconjugate, if 

Dift{xis),pis))V{x{s),p{s)) n V{x{s + t),p{s + t)) = {0}, 

for any s G M and t > 0. 

Lemma A. 10. 1. If -y is a {pe, h) — minimizer, then the associated Hamiltonian 
orbit 7 lift to an Lu—minimizer. 

2. If an orbit {x{t),p{t)) is an Ln—minimizer, then it is disconjugate. 

3. If an orbit {x{t),p{t)) G x is disconjugate, then the differential map Dipt 
admits a 2-dimensional invariant bundle contained in TSH{x{t),p{t))- 
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The statements in Lemma |A.10| are now classical, so we will only point to some 
references. It follows from a theorem of Diaz Carneiro |28] that a (p^;, /;,)— minimizer 
corresponds to a Mather minimal measure with rotation number h. All orbits con- 
tained in the support of a Mather minimal measures are L/^— minimimal (see [53j, for 
example). For the second statement, we refer to Contreras and Iturriaga (|2Z], Corol- 
lary 4.2). The invariant bundle in the third statement is one of the Green bundles, 
for the Hamiltonian version, we refer to [27], Proposition A. 



Proof of Proposition A. 9 . Assume that 7 is a (p^;, /;,)— minimizer, and its lift 7(t) 



{(p{t),p{t)) is a nondegenerate periodic orbit of period T. We have that either 7 



is hyperbolic, or the matrix D(Pt{^{0),p{0)), defined in section A.l, has complex 
eigenvalues. As a consequence, DipT{f{0),p{0)) admits no one-dimensional invariant 
subspace. Recall that the map Dipt is the restriction of Dcpt to the energy surface, 
with the flow direction quotient out. Hence, the map DipT{(p{0),p{0)), restricted to 
the energy surface, admits no 2-dimensional invariant bundles. This is a contradiction 
with Lemma [A. 101 □ 

We recall the notion of local p^;— minimizers. Given an open set C T^, a 
continuous closed curve j (Z V with homology h is a. {pe, h, l^)— minimizer, if 

Ie{i)= inf Je{v), (49) 

where Cj^ denote the set of all piecewise regualr closed curves with homology h. (7 
is necessarily rectifiable.) A curve 7 is a local (p^;, /i)— minimizer, if there exists an 



open set V D 'y such that 7 is a {pE, h, l^)— minimizer. By Lemma A. 11 below, local 
minimizers are also closed geodesies, and hence corresponds to a Hamiltonian orbit. 

The main goal of this section is to prove that, generically, each (global) p^;— minimi- 
zer is chosen among finitely many hyperbolic local minimizers. 

Theorem 26. Given < Eq < E, there exists an open and dense subset Q' of , 
such that for each U G Q' , the Hamiltonian H{ip,I) = K{I) — U{ip) + min^ [/(</?) 
satisfies the following statements. There exists finitely many smooth families of local 
minimizers 

ef , a,- - a < E < 6, + a, J = 1, ■ ■ ■ , iV, 
and a > 0, with the following properties. 

1. All for aj — a < E <hj + a are hyperbolic. 

3. For each Eq < E < E, any global minimizer is contained in the set of all 's 
such that E G [aj,bj]. 
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Proof of Theorem 26, occupies the rest of this section. 

Lemma A. 11. 1. If the set {rj G Cj^;")] C V} is nonempty, then the infimum in 
(49) can he achieved at a rectifiable curve. 

2. Any rectifiable local pE—minimizer is a closed geodesic of the Riemannian metric 
Pe- 

Proof. Statement 1. Let rjn G Cf', rj d V he a. sequence of piecewise regular curves 
with 

hm lEinn) = inf hiv)- 

n — >oo rieCfj^,'nCU 

Assume that all //„ are parametrized on [t, s] with uniformly bounded derivatives. 
This is possible because all r]n has uniformly bounded length. Then by passing to a 
subsequence, we may assume that rjn converges uniformly to 77*. It suffices to show 
that 

n — >co 

Take any finite partition {[ii, ii+i]}ilo^ '^^ -^l' have 

dE{v*(ti),V*{U+i)) = lim dE{r]n(ti),r]n(ti+i)) < limsup/£;(r7„|[t^^(^^^]), 

hence 

N-1 N-1 

^dE{r]*iti),r]^{ti+i)) < hmsnp^lEir]n\[u,h+-,]) = limsup /£;(?7„). 

. „ n — >oo . „ n — >oo 

1=0 t=0 

Taking supremum over all partitions, we obtain statement 1. 

Statement 2. Let 5 > be such that any two points with the (i£;-distance less 
than S can be connected by a unique geodesic realizing the distance. 

For a rectifiable local p^;— minimizer 7 : [t, s] — > T^, define 60 = min{5, dE{'y, dU)}. 
Let {[ti,tj+i]}^o^ be a partition [t,s] with Ie{i\[u,u+i]) < ^- Then j(ti) and 7(ti+i) 
can be connected by a geodesic contained in U with the same arc-length as ■j\[tf^ti+i]- 

It follows that ^ := ^0 * ■ ■ ■ * ^n-i is also a local minimizer. Using the standard 
arguments of Riemannian geometry, we conclude that C,i and C,i+i must have matching 
unit tangent vector, and hence ^ itself is a geodesic. 

We obtained a geodesic ^ which coincide with 7 at the points 7(ti). Since the ar- 
gument works with arbitrary refinement of the partition, we conclude that 7 coincide 
with ^. □ 

Any hyperbolic orbit is locally unique on the energy surface, and extends to a one 
parameter family of hyperbolic orbits. 
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Lemma A. 12. Assume that 'Jeq is a hyperbolic periodic orbit in the energy surface 
Seo ■ Then the following hold: 

1. There exists a neighbourhood V of in Seq, such that 7 i the unique periodic 
orbit in this neighbourhood. 

2. There exists 6 > and a neighbourhood V of'jEo such that for any Hamiltonian 
H' that is S-close to H in the norm, and \E' — Eq\ < 6, there exists a unique 
hyperbolic periodic orbit 7' of H' in V with energy E' . 

3. There exists 6 > and a smooth family 'Je V , Eq — 6 < E Eq + 6 , each of 
them hyperbolic, and is unique on V. 

4- Any smooth one-parameter family of hyperbolic periodic orbit is monotone in 
energy. 

Proof. Choose a transversal section to 7(0), and define a Poincare return map ^Eq 
on this section. A periodic orbit corresponds to a fixed point of the Poincare return 
map. The first three statement of this lemma follows directly from the inverse function 
theorem. 

We now prove the fourth statement. Assume that 7a is a family of hyperbolic 
periodic orbits, and the function Hi^jx^O)) is not monotone. Assume, by contradiction, 
that Ao is a local minimum, with Eq = H{'yxo{^))- Then for small E > Eq, there exists 
at least two periodic orbits 7ai(e) and 7a2(£;)- However, this contradicts with statement 
2. We can similarly rule out local maxima. □ 

For hyperbolic local minimizers, we have the following local description. 

Lemma A. 13. Assume that 'Jeo o hyperbolic local pE^ — minimizer. The following 
hold. 

1. There exists a neighbourhood V of'-jEo, such that 'Jeo the unique local pE^—mi- 
nimizer on V. 

2. There exists 6 > such that for any U' G C^{T^) with \\U — U'Wc^ < 5 and 
\E' — Eq\ < 6, the Hamiltonian H'{{p,I) = K{I) — U'{ip) admits a hyperbolic 
local minimizer in V . 

3. There exists 6 > and a smooth family 'yE<^V,EQ — S<E<Eq + 5, such 
that each of them a hyperbolic local minimizer. 

Proof. Statement 1. Assume, by contradiction, that there are a sequence of local 
minimizers rjn accumulating to ''jeo- By Lemma A. 11, statement 2, each local mini- 
mizer is a closed geodesic, and hence corresponds to a periodic orbit. Let r/„ and ^Eo 
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be the associated Hamiltonian orbit. We have that //„ converges to in the phase 



space but this contradicts with Lemma [A.12[ statement 1. 

Statement 2. We will show that the depth of the minimum is nondegenerate. 
More precisely, we show there exists a neighbourhood V of 7£;q, such that 



inf 



(50) 



Assume, by contradiction, that there exists a sequence of shrinking neighbourhoods 



Vn, such that (50) is an equality for each Vn- By an identical argument to the proof 



of Lemma A.ll, statement 1, we conclude that the infimum in the left hand side of 



(50) can be achieved at a rectifiable curve not identical to '^Eq-, each n. Each ^„ is 



a local minimizer. This contradicts with uniqueness obtained from statement 1. 



Statement 3. We note that (50) persists under small perturbation of the metric 



conclude that for \E — Eq\ < 5, the metric pe admits a local minimizer in V , where V 
is the neighborhood from statement 2. By choosing V and 5 smaller if necessary, we 
can make sure the associated periodic orbits are contained in V , where V is the 



neighborhood in Lemma A.12 , statement 3. Uniqueness then imply that the family 
7£; coincide with the family obtained in Lemma[A.12[ statement 3. □ 



We now use the information obtained to classify the set of global minimizers. 

• Consider the Hamiltonian H{ip^ I) = K{I)—U{ip)+min^ U {(p). For < Eq < 
it is easy to see that any periodic orbit in the energy Eq < E < E has a lower 
bound and upper bound on the minimal period, which depends only on Eq and 
E. Hence, Corollary A.2 applies. 



By Corollary A.2, generically, there are at most finitely many degenerate global 



minimizers, the rest are nondegenerate (as periodic orbits). By Proposition A. 9 
they must hyperbolic. 



Since a global minimizer is always a local minimizer, using Lemma |A.13| it 
extends to a smooth one parameter family of local minimizers. The extension 
can be continued until the family accumulates to a degenerate minimizer. This 
family can no longer be extended as potential global minimizers - by Proposi- 



tion A. 8 it is accumulated by periodic orbits of complex eigenvalues. 



It is well known that for a fixed energy, any two global minimizers do not cross 
(see for example, [51]). We assume that the local extension of these global 
minimizers also do not cross, for a fixed energy. 

There are at most finitely many families of local minimizers, because they are 



isolated (Lemma A. 13, statement 1), 
statement 4). 



and do not accumulate (Lemma A.12 
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We haven't excluded the case that a global minimizer is taken at an isolated 



degenerate periodic orbit. While by Proposition A.8 , it must be accumulated 
by hyperbolic orbits, these hyperbolic orbit may not be minimizers. 

We have proved the following statement. 

Proposition A. 14. Given < Eq < E, there exists an open and dense subset Q' 
of Q'' , such that for each U G Q' , for the Hamiltonian H{ip, I) = K{I) — U{ip) + 
min^p U {(f ) , such that the following hold. 



1. There are at most finitely many (maybe none) isolated global minimizers Cj^''^ , 
that are degenerate. 

2. There are finitely many smooth families of local minimizers 

ef, -a,<E<h^,3 = l,--- ,N, 

with [£"0)-^] ^ U['^j;^j]' ■5'"^^ '^^^^ '^'^^ hyperbolic for aj < E < bj. The set 
for E = aj,bj may be hyperbolic or degenerate. 



3. For a fixed energy surface E, the sets {^f''^} and Ua <£;<5 '^'^^ pairwise dis 
joint. 

4. For each Eq < E < E, the global minimizer is chosen among the set of all 
with E = Cj, or one of the local minimizers S,f with E G [aj,6j]. 



Proof of Theorem 26 We first show that the set of potentials U satisfying the conclu- 
sion of Theorem 26 is open. By Lemma A. 13 the family of local minimizers persists 
under small perturbation of the potential U. It suffices to show that for sufficiently 
small perturbation of U satisfying the conclusion, the global minimizer is still taken 
at one of the local families. Assume, by contradiction, that there is a sequence Un 
approaching U, and for each Hn = K — Un, there is some global minimizer not 
from these families. By picking a subsequence, we can assume that it converges to 
a closed curve which belong one of the local families . Using local uniqueness 
from Lemma A. 13, must belong to one of the local families as well. This is a 
contradiction. 

To prove denseness, it suffices to prove that for a potential U satisfying the con- 



clusion of Proposition |A.14[ we can make an arbitrarily small perturbation, such that 
there are no degenerate global minimizers. 

Our strategy is to eliminate the degenerate global minimizers one by one using 



a sequence of perturb ation s. Let ?7f^ ■ ■ ■ ,r]^^ be the set of all degenerate periodic 
orbits from Corollary A. 2, and let Vi^^'''Vn'^ be their projection to T^. The set 
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of degenerate periodic orbits depends continuously on small perturbations to the 



Hamiltonian (Corollary A.2 ) 



Let S C {1, ■ ■ ■ , A^} denote the indices of the global (pe, /;.)— minimizers among 
Vi^ ■ ■ ■ rj^"^ . Note that for all j ^ S, either the homology of t]^^ is not h, or the homol- 
ogy of rif^ is h but Isivf^) < Isih). In either case, for sufficiently small perturbation 
to the potential U, we still have j ^ 5*. 



Consider i G S', we have = %(^)- We note that from Proposition A. 14, 

can never be the unique global minimizer. Indeed, since the local branch containing 
cannot be continued to both sided of Ei, there is at least another local branch. 
Let V be an neighborhood of such that V is disjoint from the set of other global 
minimizers with the same energy. For 5 > we define Us : — > M such that 
[/^lef = 6 and supp Us C V. Let Hs = K — U — Us, and let Ie,s be the perturbed 
length function. We have 

lE^if') = j,^ + U + 6)K > lEXif') = IeM = lEAh). 

As a consequence, ^f" is no longer a global minimizer for the perturbed system. 
Moreover, for sufficiently small 6, no new degenerate global minimizer can be created. 
Hence the perturbation has decreased the number of degenerate global minimizers 
strictly. By repeating this process finitely many time can eliminate all degenerate 
global minimizers. 

□ 



A. 3 Proof of Theorem |4| about genericity of [DR1]-[DR3] 

In this section we complete the plan laid out in the introduction to this section. We 



complete the proof of Theorem [26| This amounts to proving that finite local families 
of local minimizers, obtained from the previous section, are "in general position" . 

Let 



denote the branches of local minimizers from Theorem 



We assume that the potential Uq G satisfies the conclusions of Theorem 26 



26 



where we have made 



the dependence on U explicit. There exists an neighbourhooaK(f/o) of Uq, such that 
the local branches C,f'^ are defined for E G [aj — a/2, bj + a/2] and U G V{Uo). 



Define a set of functions 



: [aj-a/2,bj + a/2] x ViUo 



aE,U) = Uif''). 



Then ^f'^ is a global minimizer if and only if 



ME,U) = UUE,U) := mm f^{E,U), 

3 
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where the minimum is taken over all j's such that E G [aj, bj]. 
The following proposition implies Theorem |4j 

Proposition A. 15. There exists an open and dense subset V ofV{UQ) such that for 
every U ^ V , the following hold: 

1. For each E G [Eq, E], there at at most two j 's such that fj{E, U) = fmm{E, U); 

2. There are at most finitely many E G [Eq^ E\ such that there are two j 's with 
f,{E,U) = f^UE,U); 

3. For any E G [^o, E] and ji, be such that fj^{E, U) = fj^{E, U) = /min(^, U); 
we have 

^fniE,U)^^f,,{E,U). 

Proof. We first note that it suffices to prove the theorem under the additional assump- 
tion that all functions /j's are defined on the same interval {a,b) with f^i^{E,U) = 
miuj fj{E, U). Indeed, we may partition [Eq, E] into finitely many intervals, on which 
the number of local branches is constant, and prove proposition on each interval. 
We define a map 

/ = (/i,---,/^):(«,&)xr(f/o)^M^, 

and subsets 

^n,i2,i3 = {{Xi, - ■ ■ ,Xn);Xi^ = = Xi^}, I < ll < 12 < h < N , 
^h,i2 = {(a^b ■ ■ ■ ,Xn)]Xi^ = XjJ, 1 < il < ^2 < iV 

of X M^. We also write f^{E) = f{E, U). The following two claims imply our 
proposition: 

1. For an open and dense set of U E V{Uo), for all I < ii < 12 < is N , the set 

1,12,13 is empty. 

2. For an open and dense set of ?7 G V{Uo), and all I < ii < 12 ^ N, the map 



: (a, 6) — > is transversal to the submanifold A 



Indeed, the first claim imply the first statement of our proposition. It follows from 
our second claim that there are at most finitely many points in (/'^)~^Ajj^j2) which 
implies the second statement. Furthermore, using the second claim, we have for any 
E G (/^)~"^Ajj^j2, the subspace [D f'^ {E))M. is transversal to TAj^ jj. This implies the 
third statement of our proposition. 
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For a fixed energy E and (fi, ■ ■ ■ ,vn) G , let 5U : T — > M be such that 
SU{{p) = Vj on an open neighbourhood of for each j = 1, - ■ ■ N. Let lE,e and ^^'"^ 
denote the arclength and local minimizer corresponding to the potential U + e6U. For 
any cp in a. neighbourhood of we have 



E + U{ip) + SU{ip) = E + U{ip) + ev 



31 



hence for sufficiently small e > 0, ^^'^ = . 
The directional derivative 



d 



d 



Duf{E,U)-6U=- J^,,(e;'^) = - j^^^^^(^--^^^) = —f^(E,U)v,. 



e=o ' de 



d 



It follows from a direct computation that each fj is strictly increasing in E and the 
derivative in E never vanishes. As a consequence, we can choose (fi, ■ ■ ■ , vat) in such 
a way, that Duf{E, U) ■ 6U takes any given vector in M^. This implies the map 



Duf:{a,b)xTV{Uo) 



has full rank at any {E,U). As a consequence, / is transversal to any Aj^ jg and 
Ajj^jj. Using Sard's lemma, we obtain that for a generic U, the image of is disjoint 
from Ajj ^42,43 and that /^^ is transversal to Ajj^jj- ^ 



A. 4 Proof of Theorem [5] 

Now we prove the second Theorem about genericity of properties of geodesic flows. 
Proving Theorem |5] consists of two steps consisting of two localized perturbations of 
the potential U. 

First, we perturb U near the origin to achieve properties [A1]-[A2]. Then we 
perturb it away from the origin around a point on a homoclinic orbit 7+ and satisfy 
[A3]-[A4]. 

Let W be a p-neighborhood of the origin in for small enough p > so that 
it does not intersect sections and E^. Consider ^{6) a C°°-bump function so 
that ^{6) = 1 for \e\ < p/2 and ^{9) = for |^| > p. Let Qc(^) = j^dA^j be a 
symmetric quadratic form. Consider ?7^(6') = U{9) + ^{9){Qq{9) + Co)- In W x 
we can diagonalize both: the quadratic form K{p) = {Ap,p) and the Hessian d'^U{0). 
Explicit calculation shows that choosing properly ( one can make the minimum of U 
at being unique and eigenvalues to be distinct. 

Suppose now that conditions [Al]-[A2] hold. We perturb U and satisfy [A3]-[A4]. 
Fix a point 9* G 7^ at a distance of order of one from the origin. In particular, it 
is away from sections S^. Let W" be its small neighborhood so that intersects only 
one homoclinic 7"'". Denote = H S!f: an unstable curve on the exit section S" 
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and w'^ = fl a stable curve on the enter section S^. Denote on (resp. w^) 
the point of intersection S" (resp. S^) with strong stable direction g*** (resp. g""). 
Recall that g"*" (resp. p"^) denotes the point of intersection of 7+ with T,'^ (resp. S^). 
We also denote by T""(g+) (resp. T^''(p"'")) subspaces the tangent to w'^ (resp. lu'') at 
the corresponding points. The critical energy surface {H = K — U = 0} is denoted 
by 5*0. In order to satisfy condition [A3]-[A4] the global map ^^i^f, has satisfy 

• "^Job^" nw' q'' and (^J^J'^^") H ^ g"". 

• ^'^giob(?+)lT5oT""(g+) rh T-(p+), D<l>-,^^{q~)\TSoT^^{q-) rh T-(p-). 

The first condition can also be viewed as a property of the restriction of ^giobl^o- 
Notice that ^gi^t,, restricted to Sq, is a 2- dimensional map. 

Consider perturbations 6U G of the potential U localized in W". By Lemma 
A. 4 the differential map generates a subspace orthogonal to the gradient VH^ 
and the Hamiltonian vector field x^(') of ■ Notice that when we restrict ^gi^h onto 

n we factor out VH^ and x^{')- Both conditions on ^gi^b (I'ssp. D^^^^y^\so) 
are non-equality conditions on images and preimages for a 2-dimensional map. Thus, 



these conditions can be satisfies by Lemma |A.4 
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B Derivation of the slow mechanical system 

In this section we consider the system 

H,{e,p,t)=Ho{p) + eH,{e,p,t) 

near a double resonance po = fl Tp. Note that this imphes 

(fci, ko) ■ {d,HM, 1) = {k[, k',) ■ (dpHoipo), 1) = 0, 

where k = {ki,ko) and k' = {k'^^k'^). In particular, we have ki ]^ k[. We may choose 
k' differently without changing the double resonance po, such that 



det5 



B 



ki 
k[ 



(51) 



with ki, k[ viewed as row vectors. 

We will describe a series of coordinate changes and rescalings that reduce the 
system to a perturbation of the slow system. 



In section B.l we describe a resonant normal form. 



In section B.2 we describe the affine coordinate change and the rescaling, revealing 
the slow system. 



In section B.3, we discuss variational properties of these coordinate changes. 



B.l Normal forms near double resonances 

Write uq := dpHo{po), then the orbit (wq, 1) t is periodic. Let 

T = inf {tK, 1) e Z^} 

be the minimal period, then there exists some constant c > such that T < c||/c|| ||/c'| 
Given a function / : x x T — ^ M, we define 



[fUiO,P,t) 



T 



f{9 + UoS,p,t + s)ds. 



[f] corresponds to the resonant component related to the double resonance. 

Writing Hi{e,p,t) = Efezs and let A = spanz{k,k'} C Z^, we 

define 



172 



Z only depends on k ■ {6, t), k' ■ {9, t), and p. 

We define a rescaled differential in the action variable by 

and use the notation CJ to denote the C" norm with dp replaced by dj. 
Theorem 27. Assume that r > 4. Then there exists a coordinate change 

which is the identity in the t component, and a constant 
C = C{k,k',E, \\Hi\\cr, Ili^ollcO. such that 

N,{e,p,t) ■.= H,o^,{e,p,t) = 

Ho{p) + eZ{e,p) + eZi{e,p) + tR{9,p,t), 
where Zi = [Zi]^^^ and 

\\Z4c]<Cyre^ \\R\\c^<Ce, 

and 

\\^,-Id\\c2<Ce. 

Remark B.l. Our normal form is the cut-off from a formal series obtained by a 
sequence of "partial averaging", see, for example expansion (6.5) in |5l Section 6.1.2]. 
While this expansion is classical, our goal here is to obtain precise control of the norms 
with minimal regularity assumptions. In particular, the norm estimate of — Id is 
stronger than the usual results, and is needed in the proof of Proposition \B.(^ 



The rest of this section is dedicated to proving Theorem 27 Denote Iie{OjPjt) = 
9, Ilp{9,p,t) = p the natural projections. 

Lemma B.l. We have the following properties of the rescaled norm. 
1- ll/llcj < ll/llc^, \\f\\cr<e-^/^f\\cr. 

2. \\def\\cr-^<\\f\W^, <^||/||cj. 

3. \\fg\\c^<\\f\\cMc^- 

4. Let $ = ($0, ^p,Id) -.T^ xU xT — yj^ xR'^ xT be a smooth mapping. Then 

||/o*||cj < ||/||cj(max{||n0<l>||cp, ||np<l>||cj/ye} 
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5. Let $ he as above, then 

11/ o $||cj < 11/ o $ lico + ll/llcj + 11/ o ($ - Id)\\cr. 

Proof. The first two conclusions follow directly from definition. For the third conclu- 
sion, we have ||/|lc'- = |l/||c:, where 



The third conclusion follows from properties of the C""— norm. 
For the fourth conclusion, we note 

/o$ = / ol), 

where / is as before, and ^{6,1) = {^e{d , y/el) ,^^,{6 , y/el) / y/e) . We have \\^\\c^ = 
maxdlng^llc-p, ||np$||cr/ye}. The fourth conclusion follows a property of func- 
tions known as the Faa-di Bruno formula ||/o$||c''' < c||/||c'-||'^'||c'- fo'^ some c = c(r), 
see e.g. [29] . 

For the fifth conclusion, since the differential operator is linear, 

||/o$||cj < ||/o<^'||c« + ll^(e,/)(/o$)|lc;-i 

< 11/ O $||cO + ||9(e,/)/||^.-l + II 9(0,7) (/ o ($ - Idj)\\cr-i. 

The estimate follows. □ 

We reserve the notations c for a unspecified absolute constant, and C for a un- 
specified constant depending on k, k', E, \\Hi\\cr, ||iJo||c''-- For p > 0, denote 

Dp = T'^ X Up{po) X T X M. 

Our main technical tool is an adaptation of an inductive lemma due to Bounemoura. 
Lemma B.2. Assume r>4, p>0, fi>0 satisfies 



0<e</i^ Tfi<l, (T/i)v^< 



c- 



P 



'2(r - 2)' 
Assume that 

H:T^x UM xTxR-^R, Hi9,p, t,E)=l + go + /o, 
where l{p, E) = (cjq, 1) ■ (p, E) is linear, go, /o are and depend only on {9,p, t), and 
\\dego\\c^-\D,) < cVe/^, \\dpg4c^-\D,) < cp, 
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||/o||c;j(po) < cv/e/i, ||5p/o||c;-i < cy^f^. 

Then for j G {0, ■ ■ ■ ,r — 2} and pj = p — j 2(^f-2) ^ P/'^' ^^ere exists a collection of 
C"^ -symplectic maps $j : Dp^ — )■ Dp, of the special form 

(e, p, t, E) = {Q{e, p, t), P{9, p,t),t,E + E{9, p,t)). 

The maps $j have the properties 

||n,($,- - /ci)||c|(D,^.) < c(T/i)^ ||n,($, - < c(T^)v^, 

and 

/7o$j- = / + ^j + /j., 
/or each j G {0, ■ ■ ■ , r - 3} satisfying gj+i = gj + anc? 

\\fj\\cr-HD,^) < ciTpY v^/i. 

Proof. The proof is an adaptation of the proof of Proposition 3.2, [18], page 9. 
Following |T8], we define 

1 

Xj = f ^^fj ~ [/i]'^o)(^ + ^oS,P, t + s)ds 

and 

where is the time-s map of the Hamiltonian flow of Xj- 

Using the fact that Xj is independent of E, we have the map is independent 
of E in the {6,p, t) components. Furthermore, is the identity in the t component, 
and n^;^^^ — is independent of E. Hence $j takes the special format described in 
the lemma. The special form of $j implies that gj and fj are also independent of E, 
allowing the induction to continue. 

We now make several norm estimates. 

< ||/,||cj < ciTpYVep, \\xM < ^ll/^'H^I < c(W+Ve. 
For j > 1, using the inductive assumption, 

WdpXjWcr^-^ < ^llx.llc- < c{Tpy+'ciTpy, 
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while for j = 0, the initial assumption on /o implies 
As a consequence 

||n,($^^- - id)\\cr-,-. < c||9pXillcr^-i < c(T/i)2, 

||np(<l>^^ - Id)\\^r-,^. < c\\deXj\\c^--j-^ ^ c{T^iy+^^e < c{T^i)^e. 

The assumption {T^)y/t < cp/{2r — 4) implies that are well define maps from 

^pj+i to Dp. . The norm estimate for $j follows from that of . 

We define gj+i = gj + [fj]u)o- The norm estimate for follows directly from 

the inductive assumption on \\gj\\ and \\fj\\. By a standard computation, we have 



Jo 



where // = gj + sfj + (1 - s)[fj]^,. 

It's easy to see that gj is the dominant term in fj and all estimates of gj carry 
over to fj with possibly different constants. We have 



r—j — l 



< c^/e^l^\\x\\c^-j + cfi\\x\\c^-j < c{Tfiy~^^^/e^l. 



Furthermore, by Lemma B.l, items 4 and 5, 



.r — j — l 



< \\{f;,xj} o $^iico + ii{/;,x,}iic-- + UfhxA o - id)\\^r- 

<c\\{f;,xMcr^-^<c{Tfiy^'V~ef^. 

The norm estimate for /j+i follows, and the induction is complete. □ 
Proof of Theorem We write 

H{9,p,t,E) = H,{9,p,t) - Hoipo) + E = I + go + fo, 
where l{p, E) = (cuq, 1) ■ (p, E), 

go{6,p,t) = Ho{p) - Ho{po) - uq ■ p 
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and /o = eHi. 

Define p = and /i = E\/E. We have 



Icr^CDp) = < cVe/i, \\dpgo\\c--\D,) < cEv^ = c/i, 

II /o II C}(Dp) < e < cv^/i, ||5p/||c;-i(Dp)ll^p/llc-(Dp) < cv^/i- 

By choosing e sufficiently small depending on T, we have {Tp)y/t = TE'^e < cp/(2r — 
4) and Tp < 1. The conditions of Lemma B.2 are satisfied, and we apply the lemma 
with r = 4. Since with our choice of parameters {Tp)^/e < {TpY, there exists a map 
$2 : Dp/2 — ^ Dp, 

II $2 - IdWc^iD,,,) < c{Tfif < cT'Eh, 



and 
with 



\[fiUMcnD„j,) < c{Tp)yfep = cTE^e^., 



H 0^2 = 1 + 90 + [foU + [fiU + 

fAo^o\\c-j(D^/2) 

\\f2\\cHD,^,)<c{Tpf^ep = cT'Eh\ 

Using I + go = Ho{p) + eZ - Ho{po), define eZ = [/o]a;o, e^i = [fiUo^ and eR = /2, 
we obtain 

{H, + E)o^2 = Ho + eZ + eZi + eR + E 

with the desired estimates. Finally, we define $e(6',p, t) = $2(6', p, t, i?). This is well 
defined since $2 is independent oi E. □ 



B.2 AfRne coordinate change and rescaling 

We first make a coordinate change p = p — po, shifting the double resonance to p 
Formally, 

Sp,{e,p,t,E) = {e,p + po,t,E). 



0. 



We then make a linear change of coordinate by writing (p^ = {ki ■ 6 + kot, k[-6 + k'^t), 
and then complete it to a symplectic coordinate change. Using the matrix B, defined 
in (51), and symplecticity, formally, we have 



'e' 




V 


t 




t 




= L 


p 






E 




_E'_ 







1 



kn 



kf), k^ 



t 

E' 



Denote $i = o L. Notice that this formula implicitly defines p^. 
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Lemma B.3. In the notations of Theorem\2^for the Hamiltonian = o in 
the normal form we have 

(iV, + E)o<l>L-E' = Hoipo) + K{f) - eU{^') + tP,{v\f) + tR{^\p\t), 

where 

K{f) = {dl^HMB''p\B^f), f/(^^) = -Z(^^po), (52) 
and llPollcl < C^e, \\R\\cj < Ct. 

Proof. Notice that by definition of the above matrix B we have p = p — Po = B^p'^. 
Consider (A^^^ + E) o and expand Hq{p) = Hq(j>q + p) = Hq{j>q + B'^p^) and 
Z{(p^,PQ + p) near pq. We have 

(iV, + o $i 

= Hoipo +P) + tZ{^% Po+p) + tZi p) + eR+ (/Co, K) ■ p' + E' 
= Hoipo) + dpHo{po)p+ {dlpHo{po)p,p) + Ho{p) 

+ e{Ziip%po) + {Z{^%p) - Z{^\po))} + tZr{^\p) + tR+ {h, K) ■ f + E' 

^Combine Ho,t^terras ^^^^^^ ^ d^P^) ' f + (^0, K) ' f + 

-^{d%Ho{p,)B^p\B^f) + H,{p) 

+ eZ((^^po) + tZ{^\p) + eZl((^^p) + tR + E' 

= Hoipo) + K{f) - tU{^') + ePo + eR + E', 



where 



and 



ePo(<^^p') = eZ{^^,p) + eZ,{^\p) + H^{p), 
Z{^%p') = Z{ip,po+p) - Z{ip,po), 

Hoip) = Ho{po +p) - Hoipo) - dpHoipo) ■ p - {dlpHo{po)p,p) 



which is the third order Taylor remainder of Hq {pq + p). In the third equahty, we 
have used the fact that 



= ^^ = Be + 



B[dpHo{po)r + 



0, 



whose transpose justifies the cancellation. 
Finally, by direct calculation, we have 

\\Ho\\cfA\^Z{^\f)\\c^<cel^ 
and llZillc-i < C^/e, \\R\\c] ^ Ce by Theorem 
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□ 



We write N^'{<^' ,p' ,t) = {N + E) o <I>l{<^' ,t,p' , E') -E'. 

To define the slow system precisely, we perform some rescalings to the system. 
Given a Hamiltonian H{(p'^ ,t), we define 

^(^^J^^) = 5l(i^)(^^/^t) = i=i^(^^v/e/^^), 
^(y.^/^r) = s2{h){v%p,t) = ^^(y,^/^r/v^). 

Note that H is defined on x x ^/eT. The flows of H and H are both conjugate 
to that of H. Write S = S2 o Si. 

Proposition B.4. We have 

HI := S{N:) = HM/e + K{n - U{ip') + v/^P(^^/^r), (53) 

where 

\\P\\cH'p'',in ^ ^' \\{dv=P,disP)\\ci(^s js^^-^ < C. 

Here 

\\P{^\I\r)\\c^^sjs) = sup \\dlsP\\co, \\dlP\\co 

is a norm with r derivatives excluded, and C^lip'"^ , P ,t) denote the normal 
norm involving all variables. 

Proof. We write 

v^P(^^ P, t) = Po(^^ V~eP) + P(^^ v^r , r/v^). 
We note that as differential operators, dj = djs, and 

The norm estimates follows from Lemma IB. 31 □ 
We denote 

H^{cp',P) = KiP)-Uiip'), (54) 

this is the slow mechanical system. We will lift the functions if* to x x M 
without changing the name, and also regard if* as a function on x x M by 
adding trivial r dependence. With these notations, we have 

Proposition B.5. As e — > 0, H^ — HQ{pQ)/e Tonelli converges to ii* as a uniform 
family (see section 10.2). Moreover, 

in the norm, and as a result, the Hamiltonian vector field of H^ converges to that 
of iP in the norm. 
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B.3 Variational properties of the coordinate changes 

We have made the following reductions from the original system to the slow system 
H^^: N^{9,p,t) = H^o ^^{9,p,t) is the normal form; N^{(p^,p^,t) = N^o 
incorporates an affine coordinate change; H^{ip^, P, t) = S20 Si{N^){ip'^ , P, r) is the 
result of two rescalings. 

Proposition B.6. We have the following relations between and N^: 

2. |AH.,c(^i,ti;^2,t2) -^^.,c(^i,ti;^^2,t2)| <Ce. 

3- I c (^1,^1; 6*2, i!:2) — /iAr,,c(6'i,ti; 6*2,^2) I <Ct. 

Proof of Proposition B.6[ The symplectic invariance of the alpha function and the 
Mather, Aubry and Mane sets follows from exactness. 
Writing $e = (B,P, t), from Theorem 27, we have 

||$e - /calico < C'e, \\<^,-Id\\ci <C,/^ 

By exactness of $^5 "we have there exists a function S : T"^ x U x T — > M such that 

PdQ - pde = dS. 

We now estimate the norm of S. Write Sq = P ■ {Q — 6) , this is a well defined 
smooth function on x x T. We compute 

dSo = Pde - pde + {p- p)de + (e - e)dP, 

hence 

dS = dSo + ip- P)de + (0 - e)dP. 

Since ||^o||co < c\\^e - Id\\co < Ct and \\d{S - 5o)||co < - ld\\cA\^e - ld\\c^ < 
Cea, we conclude that ||5'||co < Ce. 

For the estimates of the action Atv^.cI^i, ^1; ^2,^2), let 7 be its minimizer, and let 
^ be a C^— curve such that 

l^-^di = <!?,(L~^dj), 
where, as before, djit) denotes {'y(t),'y(t),t). Using exactness, we have 

{Lh, - c ■ v){dO = {pde -H,- cde){h-^dO 

= {pde -N,- cde + dS){h-^d-f) = (Ljv, -c-v){-r)+ dS{h~^d^). 
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Integrating, we have 

|^iV.,c(^l,ti;^2,t2)-^H.,c(e(tl),tie(t2),t2))| <C'||5||cO <C'e. 

Since \\(^,-Id\\co < Ce, we have H^i ||^2 --^(^2) || < Ce. The estimate follows 
from the Lipschitz property of A^^c- 

Taking limit, we obtain the estimate for hn^c- O 

The relation between the normal form system A^^ and the perturbed slow system 
is summarized in Proposition 12.5 We split the proof of this proposition into two 
steps. 

First, we have the following relations between A^^^ and A*"^**. 
Proposition B.7. Let d = {B'^y^{c - po) . 

1. unXc) = OiN^'iC) - d ■ {ko, k'^). 

2. MnXc) = ^L{MNi{d)), AnXc) = ^l{Ans{c')), MnX^) = $l(A^^,= (c')). 

3. Denote i^l = B9i + (fco, k'^) t mod T^. We have 

4- ^7Ve,c(^l, ^i; 6*2, ^2) = /iA'l.c'lV'l; ^1^ V^25 ^2)- 

Proof. The first two statements can be proved using symplectic invariance of these 
sets. Here, hence we provide an alternative proof based on the Lagrangian setting, 
which proves all four statements. 

The angular components of the coordinate transform $l is given by 



B-' 




-B-' 
1 



B 




T2, define 7 : [ti,t2] 



Given a curve 7* : [^1,^2] ■ 
have 

7^(t,)=^|iff7(t.) 
By definition, the one forms 



T2 by 7(t) = $i(7*)(t). We 
1,2. 



ip-po)d9={^Lnfd^'). 

We have the following calculation: 

LN^dl) = {pd9 - N,)(h-'d-f) = {{p-po)d9-NJt)(h-'d-f)+po-^ 
= i^LTifd^' - N:){h~'dY)+Po ■ 7 = Lr,sidY)+Po ■ 7, 
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where all expressions are evaluated at t G (^1,^2)- 
Using 

ko 



we have 



(Ln, -c-v){d-f) 
= ^kW)-(c-Po)-7 

= Lns {dY) - (c - po) ■ {B-^Y + B-^ ■ {ko, k',)) 

= (L^s -c'-v + c'- (ko, k',)) (dY). (55) 



Note that by integrating along orbits, and using the ergodic theorem, (55) extends 
to invariant measures. Since 



= inf / (Lat^ — c - V + aAr^(c))(i/i = inf / {L^^ 



c - V + aNi{c))dfi, 



we obtain 

aN^c) + c ■ {ko, ko) = aN^s{c). 
The relation between alpha functions, together with (ISSj), implies 



^Af,,c(^^l, ^i; ^2,^2) = A]\rs^c'{^l,'tu V^25^2)- 

By taking the limit, we obtain /iAr,,c(^i, ^1; ^2, ^2) = ^Af|,c'(v'i, ^1; V'l) '^s)- 

The third statement also implies that 7 being semi-static (static) for {Ln^,c) is 
equivalent to 7"* being semi-static (static) for {L^s^c'). Since 

^L{'^-^dY) =L-M7, 

the relation for the Aubry set and Mane set follows. 

The Mather set consists of the support of all invariant measures supported on the 
Aubry set (see e.g. [51]). The relation between Mather sets then follows from the 
relation between Aubry sets. □ 

Second, we have the following relations between A*"^^ and H^. Note that is 
defined on x ,/eT. 

Proposition B.8. Let c = c'/y/e. 

1. aNi{c')/e = aHi{c). 

2. MN^id) = ^s{Mm{c)), etc., where <^>s(<^^/1 = {vWeP)- 
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3. Let fi = y/eii, i = 1,2. Then 

Ahi ,c{^h '^2^ ^2) = ANs^c'{^l,ii;^2^i2)/Ve- 
4- Let Ti = \ftti, i = 1,2. Then 

Proof. Given a curve 7'^ : [ti,t2] — > T^, define 7 : [y/tii, y/lt2\ — )■ by 7(r) 
7''(t/v^). It follows that 

We have used ' to denote t derivative and ' to denote r derivative. 
Using the definition of the rescalings, we have 

Ls^oh{'^\ V, t) = LHi^p"", V, t)/ v^e, Ls^oh{'^\ v, r) = LH(v^^ V^v, r/ \^)/^/e. 
It follows that 



Lhs{^',v,t) = LNs{(p%y/ev,T/y/e)/e. 



We have 



where t = t j Statement 1, 3 and 4 follows from the above expression, similar to 



(L^.(7^7^^)-c'■r)A, 



the proof of Proposition B.7 Since 

$s(L-M7) = L-M7^ 



statement 2 follows, again similar to the proof of Proposition B.7 



□ 
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C Variational aspects of the slow mechanical sys- 
tem 



In this section we study the variational properties of the slow mechanical system 

with minf/ = f/(0) = 0. 

The main goal of this section is to derive some properties of the "channel" 
IJ^^Q £J-'^(Af /i), and information about the Aubry sets for c G £J-'^(Af/i). These 
statements Propositions |4.1[ |4.2| and |4.3[ and justify the pictures described in Fig- 
ure 



13 and Figure 



In section C.l, we show that each CJ^p^Xflh) is an segment parallel to h 



In section C.2, we provide a characterization of the segment, and provide infor- 
mation about the Aubry sets. 



In section C.3 we provide a condition for the "width" of the channel to be 
non-zero. 



In section C.4, we discuss the limit of the set CJ^j3{X^h) as E 
corresponds to the "bottom" of the channel. 



which 



We drop all supscripts "s" to simplify the notations. The results proved in this 
section are closely related to discussions of Mather in [59]. However, it is difficult 
to locate exact references for the statements needed, so we include statements and 
proofs for completeness. 



C.l Relation between the minimal geodesies and the Aubry 
sets 

Assume that H{(p,I) satisfies the conditions [DR1]-[DR3] and the conditions [AO]- 
[A4]. Then for E ^ Ej, 1 < j < N — 1, there exists a unique shortest geodesic 7^ for 
the metric qe in the homology h. For the bifurcation values E = Ej, there are two 
shortest geodesies 7^ and •yj^. 

The function Isih) denotes the length of the shortest geodesic in homology 
h. Isih) is continuous and strictly increasing on E > 0, is positive homogeneous 
{lEinh) = nlE{h), n eK) and sub-additive {lEihi + /i2) < lEihi) + /£(/i2)) in h. 

Assume that the curves 7^' are parametrized using the Maupertuis principle. Let 
T{j^) be the period under this parametrization, and write = l/{T{jf^)). 
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We pick another vector h G i/i(T^,Z) such that h,h form a basis of ifi(T^,Z) 
and for the dual basis h* , h* in i7^(T^,]R) we have {h, Jf) = 0. We denote h* by hj; 
to emphasise the latter fact. 

Theorem 28. 1. For E = Ej, 

C7p{\{if)-h) = c:Fp{\{-f^)-h). 

As a consequence, write Af = A(7|'), then the set CJ^ p{\^h) is well defined (the 
definition is independent of the choice of'yj^). 

2. For each E > 0, there exists — oo < a]^{h) < a^{h) < oo such that 

CJ^^iXfh) = hWh* + [a-^{h),a^{h)] hi 
Moreover, the set function [a^,a^] is upper semi- continuous in E. 

3. For each c G CJ^n^X^h), E ^ Ej, there is a unique c— minimal measure sup- 
ported on '-fl^ . 

4- For each c G CJ^jslXf^^h), there are two c— minimal measures supported on 7^'^ 
and c. 

5. For E > 0, assume that the torus is not completely foliated by shortest closed 
qe— geodesies in the homology h, then a'^{h) — a~^{h) > and the channel has 
non-zero width. 

Assume that 7 is a geodesic parametrized according to the Maupertuis principle. 
First, we note the following useful relation. 

L(7, 7) + i? = 2(E + ?7(7)) = V9Eh,'i), (56) 

where L denote the associated Lagrangian. 

According to the theorem of Diaz Carneiro [2H], the minimal measures for L is 
in one-to-one correspondence with the minimal measures of ^gE{<f,v). On the other 
hand, any minimal measure ^gE with a rational rotation number is supported on 
closed geodesic. The following lemma characterizes minimal measures supported on 
a closed geodesic. 

Lemma C.l. 1. Assume that c G i/"'^(T^,]R) is such that anic) = E > 0. Then 
for any h G Hi{T^,Z), 

lEih)-{c,h) >0. 



185 



2. Let •y be a closed geodesic of qe, E > 0, with [y] = h E /Ji(T^,Z). Let fi be the 
invariant measure supported on the periodic orbit associated to 7. Then given 
c e H\T\R) with a{c) = E, 

IX is c— minimal if and only if lE{h) — (c, h) = 0. (57) 

3. Let y be a closed geodesic qe, E > 0, with [7] = /i G i/i(T^,Z) and a{c) = E. 



Then 7 C Ah{c) if and only if (57) holds. 



Proof. Let 7 be a closed geodesic of qe, E > 0, with [7] = h. Assume that with the 
Maupertuis parametrization, the periodic of 7 is T. Let fi be the associated invariant 
measure, then p(/i) = h/T. Assume that a{c) = E, by definition, we have 

Ld^i + E> P{h/T) + a(c) > (c, h/T). 



By (56), we have 

lLdfx + E = ^ J\l + E){dy) = Vg^) = Ie{i)/T. 

Combine the two expressions, we have Ie{i) — {c,h) > 0. By choosing 7 such that 
^^(7) = IeW, statement 1 follows. 

To prove statement 2, notice that if /i is c— minimal, then a{c) = E and the 
equality 

J Ldfx + E= (c, h/T) 

holds. Equality (57) follows from the same calculation as statement 1. 

For > 0, 7 C Anic) if an only if 7 is a minimal measure. Hence to prove 
statement suffices to prove for E = 0. In this case, 7 can be parametrized as a 
homoclinic orbit. 7 C A{c) if and only if 

{L - €■ V + a{c)){dy) = 0. 



Since 

/OO /"OO 
{L~c-v + a{c)){dy) = (L + E){dy) - (c, h) = hih) - (c, h), 
00 J —00 

the statement follows. □ 



Proof of Theorem\2^ By Lemma C.l, if there are two shortest geodesies 7^ and 7^ 
for Qe, for any c, the invariant measure supported on 7^ is c— minimal if and only if 
the measure on 7^ is c— minimal. This implies statement 1. 



Statement 2 follows from the fact that CJ^p^X^h) is a closed convex set, and (57) 



Statement 3 and 4 follows directly from Lemma |C.l □ 
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C.2 Characterization of the channel and the Aubry sets 

In this section we provide a precise characterization of the set 

CJ^p^Xfh) = hih) h* + [a^{h), a+(/i)] h^. 
For each E > 0, we define 

d^{h) = ± inf {lE{nh±h) -lEinh)), 

n — >oo 

where h,h is a basis in Hi{T^, M) and the dual of h satisfies (h*, /i) = so we denote 
it /i"*". Note that the sequence lEijih ±h)— lEinh) is decreasing, so the infimum 
coincides with the hmit. We will omit dependence on h when it is not important. 

Proposition C.2. For each E > 0, we have 

d%{h)=a%{h). 

Proof. We first show 

d-E{h) < a^ih) < a%{h) < dlQi). 

Omit dependence on h. Denote c"*" = lE{h)h*+a^h^, by definition, lE{h) — {c^, h) = 0. 
By Lemma [C.l statement 1, for n G N, 

< lEinh + h) - (c+, nh + h) = lE{nh + h) - nlE{h) - (c+, li) 

= lE{nh + h)— nlE{h) — a^. 

Take infimum in n, we have — > 0. Perform the same calculation with nh + h 
replaced by nh — h, we obtain < lE{nh — h)~ nlE{h) + a^, hence — dE > 0. 

We now prove the opposite direction. Take any c G lE{h)h* + [d~^, rf^J/i"*", we first 
show that a(c) = E. 

Take p G Qh + Qh, then any invariant measure fi with rotation number p is 
supported on some [7] = rriih + m2h with mi,m2 G Z. Let T denote the period, by 
Lemma C.3 below, 

l3{p) + E = lE{mih + m2h)/T > {c,mih + m2h)/T = {c,p). 

Since (3 is continuous, we have a{c) = sup(c, p) — f3{p) < E, where the supremum is 
taken over all rational p's. Since the equality is achieved at p = h, we conclude that 
a{c) = E. 

By Lemma C.l, statement 2, the measure supported on 7^ is c— minimal, and 
hence c G CFpiJ^h). □ 
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Recall h, h form a basis in Hi{T^, Z) and the dual of h is perpendicular to h and 
denoted by h^. 

Lemma C.3. For any c e IeW h* + [rf^, d'^] and mi, m2 G u;e have 

lEilTlih + 7712^) — (c, mi/i + 7712^) > 0. 

Moreover, if c & lE{h)h* + (dg, d%)h^ and mi, m2 ^ 0, there exists a > such that 

/e(777i/i + 77l2^) — (c, TTlih + 7772/i) > O > 0. 

Proof. The inequality for 77ii = or 7712 = follows from positive homogeneity of Ie- 

We now assume mi,mQ. 

If 77i2 > 0, for a sufficiently large 77 e N, have 

Ze(777i/i + m2h) — (c, mih + m^Ji) 

— lE{mih + m2h) + lE{{nm2 — mi)h) — (c, nm2h + m-Ji) 

> lE{m2{nh + h)) — (c, m2{nh -\-h)— m2{lE{nh -\-h) — (c, nh + h)) 

> lE{nh + h) — (c, nh + h). 

Since 

lE^nh + h) — (c, nh + h) = lE^nh + h)— nlE{h) — (c, h), 
for c e lE{h)h* + {d^,d~^)h^, then there exists a > such that for sufficiently large 

lim lE{nh + h) — nlE{h) — (c, h) > a. 

n — ^-oo 

For 7772 < 0, we replace the term (777772 — mi)h with (—777712 — mi)h in the above 
calculation. □ 

We have the following characterization of the Aubry sets for the cohomologies 
contained in the channel. 

Proposition C.4. For any E > Q and c e lE{h)h* + (0?^, d'^)h-^, we have 

if E is not a bifurcation value and 

Ah{c) = 1^ U 7,^ 

if E is a bifurcation value. 
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Proof. We first consider the case when E is not a bifurcation value. Since 7^ is 
the unique closed shortest geodesic, if Ah{c) 3 •yj^, it must contain an infinite orbit 
7"*". Moreover, as 7^ supports the unique minimal measure, the orbit 7"'" must be 
biasumptotic to 7^. As a consequence, there exists T„, — )■ 00 such that 7"'"(— T„) — 
7"'"(T^) — > 0. By closing this orbit using a geodesic, we obtain a closed piece-wise 
geodesic curve 7^. Moreover, since 7^ has no self-intersection, we can arrange it such 
that 7n also have no self-intersection. We have 



{L-C-V + a(c))(rf7„) = J iL + E){d-f^) - (c, [7J) = /s(7n) - (c, [in])- 

By the definition of the Aubry set, and take limit as n — > 00, we have 

lim /£;(7„) - (c, [7„]) = 0. 

n — >oo 

Since 7^ has no self intersection, we have [7^] is irreducible. However, this contradicts 



w the strict inequality obtained in Lemma C.3 



We now consider the case when is a bifurcation value, and there are two shortest 
geodesies 7^ jj^. Assume by contradiction that Ah{c) ^ 7^' U 7^. For mechanical 
systems on T^, the Aubry set satisfies an ordering property. As a consequence, there 
must exist two infinite orbits 7^*" and 7^ contained in the Aubry set, where 7^*" is 
forward asymptotic to •yj^ and backward asymptotic to 7^ , and 7^ is forward asymp- 
totic to 7^ and backward asymptotic to 7^. Then there exists T„,T!^, Sn, S'^ — )■ 00 
such that 

as n — > 00. The curves 7j*'2, It, 7/f are all disjoint on T^. Similar to the previous 
case, we can construct a piecewise geodesic, non-self-intersecting closed curve 7„ with 

lim / {L — c ■ V + a(c))((i7„) = 0. 



This, however, lead to a contradiction for the same reason as the first case. □ 



C.3 The width of the channel 

We show that under our assumptions, the "width" of the channel 

~ (^eW = iiif {lEinh + h) — lEinh)) + inf {lEinh — h) — lE^nh)), 

is non-zero. 

The following statement is a small modification of a theorem of Mather (see ^\), 
we provide a proof using our language. 
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Proposition C.5. For E > 0, assume that the torus is not completely foliated by 
shortest closed qe— geodesies in the homology h. Then 

d^{h) - > 0. 

Remark C.l. This is the last item of Theorem 

Proof. Let Ai denote the union of all shortest closed geodesies in the homology 
h. We will show that Ai ^ T"^ implies d~j^{h) — d'^{h) > 0. Omit h dependence. For 
n G Af, denote 

dn = {lE{nh + h) — lE{nh)) + {lE{nh — h) — lE{nh)). 

Assume by contradiction that inf dn = lim(i„ > 0. 

Let 7o be a shortest geodesic in homology h. We denote 70 its lift to the universal 
cover, and use "<" to denote the order on 7 defined by the flow. Let 71 and 72 be 
shortest curves in the homology nh + h and nh — h respectively, and let Ti and T2 be 
their periods. 7j depends on n but we will not write it down explicitly. 

Let 7j, i = 0,1,2 denote a lift of 7^ to the universal cover. Using the standard 
curve shortening lemma in Riemmanian geometry, it's easy to see that 7^ and 7^ may 
intersect at most once. Let a G 70 H 71 and lift it to the universal cover without 
changing its name. Let & G 70 H 72, and we choose a lift in 70 by the largest element 
such that b < a. We now choose the lifts 7i of 7^, i = 1,2, by the relations 7i(0) = a 
and 72(^2) = b. 

We have for 1 < A; < 2n, 72 (T2) + kh > 71(0) and 

72(0) + kh = b - {nh -h) + kh < a + nh + h = 71 (Ti). 
As a consequence, 72 + kh and 71 has a unique intersection. Let 

Xk = (72 + kh) n 7i, Xk = (72 + ik- l)h) H (71 - h). 
We have is in increasing order on 71 and Xk is in decreasing order on 72. Define 

Tk = l2\[Xk+l,Xk] * 7i|[Xfc,Xfc+i], 

and let 7^ be its projection to T^. We have [7^] = h and 

2n 

Y,^e{iI)=Ie{ii) + Ie{12). 

k=l 

Using lEi'Jk) > I'Eih) and Ie{1i) + Ie{.12) < 2nlE{h) + dn, we obtain 

lE{h) < hilk) < hih) + dn. 
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Any connected component in the completement of Ai is diffeomorphic to an annulus. 
Pick one such annulus, and let 6 > denote the distance between its boundaries. Since 
7i intersects each boundary once, there exists a point ?/„ G 71 such that diyn.M.) = 
b/2. Since 71 C |Jfc7fc there exists some 7^ containing By taking a subsequence if 
necessary, we may assume Hn — > y*- Using the above discussion, we have 

hih) < inf /s(7) < inf hih) + rf„ = hih). 

2/.e7,[7]=/i n 



Using a similar argument as in the proof of Lemma |A.11[ we conclude that there 
exists a rectifiable curve 7* containing y^: with Ie{,1*) = lE{h), hence 7* is a shortest 
curve. But y^ ^ M., leading to a contradiction. □ 



Proposition |C.5| clearly applies to the slow system as there are either one or two 
shortest geodesies. 



C.4 The case E = 

We now extend the earlier discussions to the case E = While the functions a% is 
not defined at = 0, the functions d% is well defined at E' = 0. Recall h, h form a 
basis in Hi{T^, Z) and the dual of h is perpendicular to h and denoted by h-^. 

Proposition C.6. The properties of the channel and the Aubry sets depends on the 
type of homology h. 

1. Assume h is simple and critical. 

(a) dl{h)-d-Q{h) > 0. 

(b) lo{h)h* + [doih),d^{h)] c CT^iO). 

(c) For c G lo{h) h* + [c/q (/;,), c/q (/;,)] , we have 7° C Ah={c); 
For c G lo{h)h* + {d^ {h) , d^ {h)) , we have 7° = An^^ic). 

2. Assume h is simple and non-critical. 

(a) d^{h)~dQ{h) > 0. 

(b) loih)h* + [d^{h),d+ih)]h^ c CT^iO). 

(c) For c G lQ{h)h* + [dQ{h),d'^{h)] , we have 7)^ U {0} C Ah-{c); 
For c G h{h)h* + {d^ {h) , d-^ {h))h^ , we have 7)] U {0} = Ah'{c). 

(d) The functions d%{h) is right- continuous at E = 0. 

3. Assume h is non-simple and h = n\hi + 77,2/^2; with hi, /12 simple. 
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(a) dQ{h) = d(^{h). Moreover, let c*{h) = lE{hi)h\ +lE{h2)hl, where {hl.hl) 
is the dual basis to {hi,h2), then 

c* = lE{h)h* + d^{h)h^, 

where h-^ is a unit vector perpendicular to h. 

(b) ll^ll=AHsic*). 

(c) c?Q (/ii) — (ig (/ii) > with 

lEih)hl+d+{h^)h*2 = C*. 



Before proving Proposition C.6, we first explain how the proof of Proposition C.5 
can be adapted to work even for E = 0. 

Lemma C.7. Assume that there is a unique qq— shortest geodesic in the homology h. 
Then 

d^{h) - do{h) > 0. 



Proof. We will try to adapt the proof of Proposition |C.5[ Let 70, 71 and 72 be shortest 
geodesies in homologies h, nh + h and nh — h, respectively. We choose an arbitrary 
parametrization for 7^ on [0, T] . Note that the parametrization is only continuous in 
general. 



The proof of Proposition C.5 relies only on the property that lifted shortest 
geodesies intersects at most once. For ii^ = 0, we will rely on a weaker property. 

Let 7j be the lifts to the universal cover M^. The degenerate point {0} lifts to the 
integer lattice Z^. Since go is a Riemannian metric away from the integers, using the 
shortening argument, we have: if 7^ intersect 7-,- at more than one point, then either 
the intersections occur only at integer points, or the two curve coincide on a segment 
with integer end points. 

Let ao G 7o n 71 and let 70 and 71 be lifts with 7o(0) = 71 (0) = Qq- If a ^ Z^, 
then it is the only intersection between the two curves. If G Z^, we define Oq 
to be the largest intersection between 7o|[0,T) and 71 according to the order on 70. 
a'o is necessarily an integer point, and since G 70, there exists rti < n such that 
d-'o ~ c^o = noh. Moreover, using the fact that 70 is minimizing, we have 

^o(7o|[«o,ao]) = /o(7i|[«o,ao]). 

We now apply a similar argument to 70 + /i and 71. Let Oi = 70(7") + h = 71 (T) 
and let a'l be the smallest intersection between 7o|(0,T] and 71. Then there exists 
rii G A/", no + ni < n, such that ai — a'^ = riih. Moreover, 

^o((7o + h)\[a\,ai]) = /o(7ilK,«i])- 
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Let Tji = 7i|[aQ,a'^] and r/i be its projection. We have [rj] = {n — tiq — ni)h + h =: 
rriih + h, and 

kiVi) - ^ih{h) = /o(7i) - nlo{h). 

The curve rji has the property that it intersects 70 only once. Apply the same argu- 
ment to 72, we obtain a curve 172 with [772] = — h, and 

^0(^72) - m2lo{h) = /o(72) - nlo{h). 

To proceed as in the proof of Proposition C.5[ we show that if fji and f/2 are lifts 
of rji and 772 with the property that 

Vm.UT) e {7o(t)}, r7i(T),r/2(0) G {7o(t) + Z^}, 

then 771 and 772 intersects only once. Indeed, there are no integer points between 70 
and 7o + h. 
We have 

kiVi) - milo{h) + Iq{7]2) - m2lo{h) = dn, 



where dn is as defined in Proposition |C.5[ Assume inf dn = 0, proceed as in the proof 
of Proposition C.5, we obtain curves [7^] = h, positive distance away from 70, such 
that 

loih) < /o(7fc) < Uh) + dn. 
This leads to a contradiction. □ 



Proof of Proposition C.6 Case 1, h is simple and critical. 



(a) This follows from Lemma C.7 



(b) We note that Lemma C.3 depends only on positive homogeinity and sub- 
additivity of Isih), and hence applies even when E = 0. We obtain for c G lo{h)h* + 

[d^ih),dUhW 

lo{h') - {c,h') > 0,V/i' G Hi{T^,Z^). 

Since IeW is strictly increasing, we obtain Isih') — {c,h') > for > 0. By 
Lemma C.l, there are no c— minimal measures with energy E > 0. As a consequence, 
a{c) = 0. Since {0} is a c— minimal measure with rotation number 0, we conclude 
lo{h)h* + [d^{h),d+{h)]h* C CTi3{0). 

(c) Since we proved a{c) = 0, the first conclusion follows from Lemma C.l For 
the second conclusion, we verify that the proof of Proposition C.4 for non-bifurcation 
val applies to this case. 

(d) The set function [d]^{h) , d^{h)] is upper semi-continuous at E = from the 
right, by definition We will show that it is continuous. Assume by contradiction that 

[lim inf (i^ (/;,), hm sup (/;,)] C [dg (/;,), (/;,)]. 

E — >o+ E — >o+ 
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Then there exists c G lo{h)h* + (rfg (h), dQ{h))h* and 

c{E)ilE{h)h* + [dE{h),d+{h)]h' 



such that c(-E') — )■ c. By part (c), the Aubry set Aw^i^c) supports a unique minimal 
measure. By Proposition 10. 6[ the Aubry set is upper semi-continuous in c. Hence any 
hmit point of A{c{E)) as E — > is in A{c). This imphes that A{c{E)) approaches 
7^ as E — > 0. Since 7I' is the unique closed geodesic in a neighbourhood of itself 
(see Remark 3.3), we conclude that A{c{E)) = jj^ for sufficiently small E. But this 
contradicts with c{E) ^ hWh* + [d'^{h) , d'^{h)]h^ 
Case 2, h is simple and non-critical. 



(a) This follows from Lemma C.7 



(b) The proof is identical to case 1. 

(c) For the first conclusion, we can directly verify that 7° C A{c) and {0} C A{c) 



For the second conclusion, we note that proof of Proposition |C .41 for bifurcation values 
applies to this case. 

Case 3, h is non-simple with h = uihi + 722/2.2 ■ 

(a) Assume that h = rriihi + m2/i2 for some m,i,m,2 G Z. For sufficiently large 
n G N, we have nh± h & Nhi + N/i2- As a consequence. 



lQ{nh ± h) — lo{nh) 

= [nni ± mi)lo{hi) + {nn2 ± ni2)lo{h2) - {nnilo{hi) + nn2lo{h2)) 

= ±milo{hi) ± m2loih2). 

We obtain dQ{h) — d^lh) = by definition. 
We check directly that 

loih)-{c*,h) = 0. 

Since lo{h)h* + dQ{h)h^ = lo{h)h* + dQ{h)h^ is the unique c with this property. The 
second claim follows. 

(b) We note that any connected component of the complement to 7° U is 
contractible. If Aho{c) has other components, the only possibility is a contractible 
orbit bi-asymp to {0}. However, such an orbit can never be minimal, as the fixed 
point {0} has smaller action. 

(c) The statement d^{hi) — d^ihi) > follows from part 1(a). for the second 
claim, we compute 

'^0 (^1) = inf lo{nhi + /i2) - lo{nh2) = lo{h2) 

n 

and the claim follows. □ 
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D Transition between single and double resonance 



Key Theorems [8] and |9] proved forcing equivalence for particularly chosen cohomology 
classes at single and double resonances. Given a single resonance F^, the cohomology 
classes at single resonance is chosen to be a passage segment, namely, connected 
components of 

where is the collection of strong double resonances. Let po C TknTk' {k = {ki, ko), 
k' = {k[,ko)) be a strong double resonance, on the neighborhood U2Ey/i{po), the 
cohomology class is chosen to be a curve 



where 



B 



Ch{E) e int CJ^piX^h), 



see sections [B] and [C| The cohomology Ch corresponds to the cohomology of the slow 
mechanical system H'^. In order to prove the forcing equivalence of all cohomology 
class, we will modify the single resonance cohomology class on the set 

U2E^e{Po) \ Ue^,{Po) 

SO that the choice of cohomology classes coincides with that of double resonance. 
We first choose a particular parametrization for the curve Tk H U2e^{po)- 

Lemma D.l. For sufficiently small eo, there exists a function : M x [0, cq] — > M^, 
such that 

p*(0, e) = 0, and 



Tfc n U2E^iPo) =Po+P* (A, e) 



p4\,e) = {BdlpHo{po)r' 







+ 0(6) 



Proof. Tk is defined by the relation k ■ {dpHo{p), 1) = 0. Using k ■ {dpHo{po) 
we have ki ■ {dpHo{p) — dpHo^po)) = 0. We have 

ki ■ dppHo{po){p - Po) + 0{p - poY = 0, and 

[0 l]BdlHM{p-po) + 0{p-po)' = 0. 
using p — Po = 0{y/e), we have 



p-po = {BdlHo{po)r' 







0(e). 



□ 
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We now describe the modification of the cohomology class: 
• On the set 

we replace p*(A, e) by p^{X, 0). 

Remark D.l. Both Key Theorem^ and\^ applies with small perturbations to the 
cohomolgy class. For sufficiently small eo = eo(r*, ifo? X) < e < eo, the theorems 
still apply for the modified cohomolgy. 

Denote h{p) = {B'^)^^p^:{\,0)/ y/e, we have the following statement. 

Proposition D.2. There exists M > such that for A > M, there exists A' > such 
that 

h{X) e zntCT,3{X'h). 

Remark D.2. We have the freedom to choose Ch{E) as long as it is contained in the 
channel. Proposition D.2 implies that for sufficiently large E, we can choose Ch{E) 
to he on the curve /*(A). 

Proof. The system can be analyzed from two aspects, single resonance and double 
resonance. We first attempt to unify notations in both regimes. 

When treated as single resonance, the system admits a single resonance normal 
form 

iVf^ = H,o = Hq + eZ^^{e\p) + 0(e5), 

where 6^ = k ■ {6,t) is the slow variable defined by the resonance Tk- The O(-) term 
is in terms of the rescaled norm C|. 

When treated as double resonance, we have two slow variables 6^ and O'^^ = 
k' ■ {9, t). The O'^^ is considered fast in single resonance regime and is called 9^ in Key 
Theorem [5j The system admits a double resonance normal form 

ivf^ = H,o $f« = Hq + tz^^{e%e'f ,p) + o(e5). 

Via a linear coordinate change and a rescaling 5, we have 

A^f ^ o^LoS = Ho{po)/e + H' + 0(e5). 
Working backwards, we have 

iVf ^ - iHo{po)/e + H') o S-^ o = 0(ei). 

Define 



196 



we have 

We apply Key Theorem [s] to the system with cohomology c = po + P*{^i 0), and 
obtain that the Mane set M{c) is a graph over the O'^^ component. Taking it back 
via the coordinate change, we obtain that the Mane set A/'(c) for c = /*(A) is a 
graph over the 9'^^ component as welL In this case, the only possibility is that it is 



a periodic orbit with homology h = (0,1). In view of Proposition C.5, this means 



c G int CJ^p{X'h) for some A' > 0. □ 
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E Notations 

Due to usage of a variety of techniques in this paper we feel it is useful to summarize 
notations of objects used in this paper. 

6 = {61,62) G global angle variables. 

V = {PijP2) G global action variables. 

k = (kijko) an integer vector defining a resonance, it belongs to (Z^ \ 

0) X Z. 

r = a resonance segment with resonant relation given by k. 

pKp^) an implicit smooth function smoothly parametrizing F = 

{{pI{p^)jP^)}j where p-^ varies in a certain interval. 

P*{p^) = pUpH^pH Ho{p*{p^)) = const, where again varies in a certain in- 
terval. 

S'^ the unit sphere of functions. 

6** G slow angle associated to a resonance F^, 6^ = k ■ {6,t). 
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a (single) averaged potential associated to a resonance F^. 
a connected diffusion path consisting of subsegments of Tj = 

kj 

the set of perturbations satisfying single resonant non- 
degeneracy conditions [G0]-[G2]. 

the set of perturbations satisfying single resonant non- 
degeneracy conditions [G0]-[G2] with non-degeneracy pa- 
rameter A > 0. 

the set of perturbations satisfying double resonant non- 
degeneracy conditions [DR1]-[DR3], high energy, 
the set of perturbations satisfying double resonant non- 
degeneracy conditions [A0]-[A4], low energy, 
additional constant for upper bounds. 

integer parameter dividing integer vectors k into those ei- 
ther producing or not strong double resonances and of non- 
degeneracy. See introduction. 

the set of punctures of by strong double resonances. 

angle variable near a resonance segment, where 6'^ = ki- 6 -\- 
kot and 9^ = k[ ■ 9 + k'^t is transversal to it, i.e. {ki, ko) |f 
{k[, k'o). 

quantitative non- degeneracy of global minima 9i{p^) of the 
averaged potential Z{9l^pl{p^),p^) of the perturbation Hi 
along the resonance Fg. 

parameter of extendability of maxima 9i{pf) beyond bifur- 
cation values. 

some times we need an additional parameter < 6 < 5 to 
characterize extendability. 

quantitative non-degeneracy for conditions [A1]-[A4] to 
characterize persistence of normally hyperbolic invariant 
cylinders near double resonance for low energy (see section 

partition of resonant segment into bifurcation free inter- 
vals with a unique global minimum of averaged potential 
Z{9^,p), i.e. [amin,amax] = UjLi[aj,aj+i\. 
a crumpled normally hyperbolic cylinder associated to a res- 
onance Tj and located "over" the i-th interval of partition 

of [o-mm; '^max] • 

a tube neighborhood of a crumpled normally hyperbolic 
cylinder . 
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A 

Dp 
d 



K{r) - u{^') 

Eq = Eo{Hq, Hi] 

M = E/2 
<e< Eo 



h G Hi{T',Z) 
9e 

Eq> e 
[Eo^E] 



M 



Ej,Ej+i 
h 



2maXpgij2^^gK2^ \^\=i{dlpHQ{p)v , v). 
denotes a strong double resonance. 

Dp = X f/p(po) X T X M — the domain of validity of normal 

form at a double resonance, where p = E^. 

denotes radius of the ball of the origin of the slow two 

torus X that decomposes dynamics into local and 

global. 

angle coordinates near a strong double resonance defined for 

action p being in a 0(A/i)-neighborhood of po- 

conjugate to angles near a strong double resonance defined 

for action p being in a 0(y^)-neighborhood of po- 

slow mechanical system obtained by averaging near po and 

given by a kinetic energy K{P) and potential U{(f^), see 



(54). 



small energy of this mechanical system with the saddle at 
the origin dominating behavior of homoclinics (see Key The- 
orem [3] item two) . 

large energy of this mechanical system with potential being 
small perturbation of kinetic energy, 
parameter of size of neighborhoods in section 



7.1 



very small energy of this mechanical system with hyper- 
bolicity of the saddle at the origin dominating most con- 
stracting/expanding directions of NHIMs and certain non- 
degeneracies of the geodesic flow po hold, 
integer homology class of = T^. 
the Jacobi metric given hy gs = ■\/2(i? -|- U{(p^)). 
minimal geodesic of Mapertuis metric in homology class h. 
small energy of the mechanical system so that dynamics of 
the origin start to dominate. In particular, there are no 
bifurcations of minimal geodesies 7^ in E. 
partition of slow energies [Eo,E] = UjL^lEj, Ej+i] into in- 
tervals with a unique globally minimizing geodesic (except 
the points). 

Normally hyperbolic invariant manifold with boundary for 
mechanical system, given by the union of minimal geodesies 

^Ee[Ej-S,Ej+i+5]'yh ■ 
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A^^y ^'^^ Normally hyperbolic weakly invariant manifold with bound- 

ary for the original Hamiltonian, where weakly invariant 
mean that the vector field of the original Hamiltonian is 
tangent to A^/^^ This does not exclude possibility of 
"leak" through the boundary. 

A4f^°''^ Normally hyperbolic invariant manifold containing a critical 

simple loop for the mechanical system. 

Aih°e^ Normally hyperbolic weakly invariant manifold containing 

a critical simple loop for the original system. 

Og perturbed saddle periodic orbit near the double resonance. 

I Involution for the mechanical system {ip^, P) i— >■ {ip^, —P). 

a{c) Mather's a-function. Sometimes subindex H indicates de- 

pendence on the underlying Hamiltonian. 

(3{h) Mather's /3- function. Sometimes subindex H indicates de- 

pendence on the underlying Hamiltonian. 

CJ^i3 the Legendre-Fenichel transform. It maps if^(M, M) into 

nonempty, compact, subsets of ifi(M, M). 

L the Legendre diffeomophism conjugating the Hamiltonian 

flow with the corresponding Euler-Lagrange flow. 

Lh the dual Lagrangian associated to a Tonelli Hamiltonian. 

7^ a shortest geodesic in homology class h and energy E, where 

Qe is the Jacobi metric associated to the mechanical system 
H' = K~U. 

T{'y^) period of 7I' under this parametrization. 

Af inverse of period Af = l/iTi^jj^)). 

a%{h) functions characterizing width of the channel of cohomolo- 



gies (see Theorem 28). 



d^{h) width of the channeTalong h-^ direction, defined in (??). We 

also show d^{h) = a%{h). 
\Je>o '^•^l^i^h^) channel of cohomologies associated to an integer homol- 

ogy class h G if^(T^,Z). For types of channels see Fig- 
and 



ures 



13 



14). 



h,h a basis of homology in Hi(T , Z), with the dual basis h*, h* 

having property {h, h*) = 0. 

denotes h* to emphasise the latter condition. 
Lh,c the shifted Lagrangian L = Lh — c ■ v — a//(c). 

AH^c{x,t;y, s) the action functional minimizing action among curves con- 



necting (x, t), {y, s) G MxT. See section 10.1 for definitions. 
Ch{E) cohomology of the minimal geodesic for homology h and 

energy E of the mechanical system. 
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Ch{E) 



cl{h) 



-psr 
i 

i 

h,s 
T^e,Eo/E 
^ h,f 

cG H\M,R) 
M{c) C TM 
mIc) C M 
Mh{c) cTMxT 
MhIc) cm xT 
A{c) C TM 
A{c) C M 
Ah{c) C TM X T 
AhIc) cm xT 
Af{c) C TM 
Af {c) C TM 
Mh{c) cTMxT 
Mh{c) cTMxT 
T^ ■ C°(M,M) O 

V 
u 



cohomology of the original system 
Ch{E). 

cohomology of the original system Hg, 
Ch(0). 

a pinching point for a non-simple h (see Figure 14). 



corresponding to 
corresponding to 



modification of the cohomology path c/^^ [E] with simple ho- 
mology class hi to satisfy certain conditions relative to non- 
simple homology h (see Proposition 4.2). 
a different notation for modification of the cohomology path 
ChAE). 

linear rescaling near double resonance. 

choice of cohomology classes near a single resonance. 

choice of cohomology classes near a double resonance. 

choice of cohomology along a simple cylinder, 
choice of cohomology along a non-simple (flower) cylinder, 
the time {t — s) map of the Hamiltonian vector field H with 
the initial time s. 

the time {t — s) map of the Hamiltonian vector field H with 
the initial time 0. 
cohomology class. 

the (discrete) Mather set with cohomology c. 

the (discrete) projected Mather set with cohomology c. 

the (continuous) Mather set with cohomology c. 

the (continuous) projected Mather set with cohomology c. 

the (discrete) Aubry set with cohomology c. 

the (discrete) projected Aubry set with cohomology c. 

the (continuous) Aubry set with cohomology c. 

the (continuous) projected Aubry set with cohomology c. 

the (discrete) Mane set with cohomology c. 

the (discrete) projected Maiie set with cohomology c. 

the (continuous) Mane set with cohomology c. 

the (continuous) projected Mane set with cohomology c. 

the Lax-Oleinik mapping. 

a closed one form on T*M, usually with cohomology class 
c. 

a semi-concave function. 

(i7(r) = (7(r), 7(r), r) the one jet of a C^-curve 7(t). 

an overlapping pseudograph given by {{x,!]^ + du^) : x G 

M such that dux exists}. 
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c{Q) cohomology class of a pseudograph Q = Qr),u for some closed 

one-form rj and a semi-concave function u, given by coho- 
mology of rj. 

S the set of semi-concave functions on M. 

P = H^i^Mj'R) X S/M the set of overlapping pseudographs. 

$ : P — > P a unique mapping in the space of pseudographs. 

hc{x,y) a barrier function with a given cohomology c G H^{M,M.), 

two points x,y & M and integer time increments. Some- 
times subindex H indicates dependence on the underlying 
Hamiltonian. 

hc{x, t; y, s) a time-dependent barrier function with a given cohomology 

c e H^{M,R) and two points {x,t), {y,s) e M x T. Some- 
times subindex H indicates dependence on the underlying 
Hamiltonian. 

0(c) a family of open sets {0(c)} c outside of proper cylinders 

Ai] supporting perturbations making barrier functions he 
generic (See section 11.4). 

[f]uio averaging of a function at a double resonance Uq = Uq{po) = 

dpHo{po) with = n r^,. 

:= H^o the perturbed Hamiltonian iJ^ = Hq + eHi in the normal 

form. 

$L a linear symplectic change of coordinates at a double reso- 

nance Pq. 

= A^e o <|)^ the Hamiltonian A^^ written in the slow angle coordinates 

{(p^,p'^) after the symplectic change of coordinates 

= S2 o Si{N^) the Hamiltonian A^^ after further rescalings S20S1 in actions 
and time. See section IB. 21 for details. 



h,hi E i/i(T , M) are homology classes. Usually h is a non-simple homology 



and hi is simple (see definition 3.1). 
L a uniform family of Tonelli Lagrangians. 

H a uniform family of Tonelli Hamiltonians. 



References 

[1] Abraham, R. Marsden, J. E. and T. Ratiu. Manifolds, tensor analysis, and 
applications, volume 75 of Applied Mathematical Sciences. Springer- Verlag, New 
York, second edition, 1988. 



202 



[2] Anosov. D. V. Generic properties of closed geodesies. Izv. Akad. Nauk SSSR 
Ser. Mat, 46(4):675-709, 896, 1982. 

[3] Arnold, V. 1. Instabilities in dynamical systems with several degrees of freedom, 
Sov Math Dokl 5 (1964), 581-585; 

[4] Arnold, V. 1. Stability problems and crgodic properties of classical dynamic 

systems, Proc of ICM, Nauka, 1966, 387-392. 

[5] Arnold, V. 1. Small denominators and problems of stability of motion in classical 
and celestial mechanics 1963 Russ. Math. Surv. no. 1885 

[6] Arnold, V. I. Mathematical methods of classical mechanics Graduate Texts in 
Mathematics, 60, Second Edition, Springer- Verlag, 1989 

[7] Arnold, V. I. Mathematical problems in classical physics. Trends and perspec- 
tives in apphed mathematics, 1-20, Appl. Math. Sci., 100, Springer, New York, 
1994. 

[8] Arnold, V. I. Kozlov, V.V. Neishtadt, A.I. Mathematical Aspects of Classical and 
Celestial Mechanics Encyclopeadia of Mathematical Sciences, Springer, 2006, 
Third Edition 

[9] Bernard, P. The dynamics of pseudographs in convex Hamiltonian systems. J. 
Amer. Math. Soc, 21(3):615-669, 2008. 

[10] Bernard, P. Symplectic aspects of Mather theory. Duke Math. J. 136 (2007), 
401-420; 

[11] Bernard, P. On the Conley decomposition of Mather sets J. Revista Matematica 
Iberoamericana 26, No. 1 (2010), 115-132; 

[12] Bernard, P. Perturbation d'un hamiltonien partiellement hyperbolique. C. R. 
Acad. Sci. Paris Ser. I Math., 323(2): 189-194, 1996; 

[13] Bernard, P. Kaloshin, V. Zhang, K. Arnold diffusion in arbitrary degrees of 
freedom and crumpled 3-dimensional normally hyperbolic invariant cylinders, 
arXiv:1112.2773v2 [math.DS] 17 Dec 2011, 58pp. 

[14] Berti, M. Ph. Bolle, A functional analysis approach to Arnold diffusion. Ann. 
Inst. H. Poincare 19, 4 (2002) 395-450; 

[15] Bessi, U. An approach to Arnold's diffusion through the calculus of vartiations. 
Nonlinear Anal. 26 (6) (1996), 1115-1135; 



203 



[16] Bessi, U. Arnold's diffusion with two resonances. J. Differential Equations, 
137(2):211, 1997. 

[17] Birkhoff, G. D. Collected Math Papers, vol. 2, p. 462-465; 

[18] Bounemoura, A. Nekhoroshev estimates for finitely differentiable quasi-convex 
Hamiltonians. Journal of Differential Equations, 249 (2010), no. 11, 2905-2920. 

[19] Bourgain J. and Kaloshin V. On diffusion in high-dimensional Hamiltonian 
systems. J. Funct. Anal. 229(1) (2005), 1-61; 

[20] Bolotin S. V., Rabinowitz, P. H. A variational construction of chaotic trajectories 
for a hamiltonian system on a torus. Bollettino dell'Unione Matematica Italiana 
Serie 5, l-B:541-570, 1998. 

[21] Bolotin, S. Treschev, D. Unbounded growth of energy in non-autonomous Hamil- 
tonian systems, Nonlinearity 12 (1999), no. 2, 365-388; 

[22] Bronstein, I. U. Kopanskii, A. Ya. Finitely smooth normal forms of vector fields 
in the vicinity of a rest point. In Global analysis-studies and applications, V, 
volume 1520 of Lecture Notes in Math., pages 157-172. Springer, Berhn, 1992. 

[23] Cheng, Ch.-Q. Yan, J. Existence of diffusion orbits in a priori unstable Hamil- 
tonian systems. Journal of Differential Geometry, 67 (2004), 457-517; 

[24] Cheng, Ch.-Q. Yan, J. Arnold diffusion in Hamiltonian systems a priori unstable 
case. Journal of Differential Geometry, 82 (2009), 229-277; 

[25] Cheng, Ch.-Q. Li X. Connecting orbits of autonomous Lagrangian systems, 
Nonlinearity, 23 (2010), 119-141. 

[26] Cheng, Ch.-Q. Li X. Variational construction of unbounded orbits in Lagrangian 
systems Science China: Mathematics, 53 (2010), 617-624. 

[27] Contrcras, G and Iturriaga, R. Convex Hamiltonians without conjugate points. 
Ergodic Theory Dynam. Systems, 19(4) :90 1-952, 1999; 

[28] Diaz Carneiro, M. J. On minimizing measures of the action of autonomous 
Lagrangians. Nonlinearity 8 (1995), no. 6, 1077 - 1085; 

[29] Delshams, A. and Huguet, G. Geography of resonances and Arnold diffusion in a 
priori unstable Hamiltonian systems. Nonlinearity 22 (2009), no. 8, 1997-2077; 



204 



Delshams, A. de la Llave, R. Seara, T. A geometric mechanism for diffusion in 
Hamiltonian systems overcoming the large gap problem: heuristics and rigorous 
verification on a model Mem. Amer. Math. Soc. 179 (2006), no. 844, pp.144 

Delshams, A. de la Llave, R. Seara, T. A geometric gpproach to the existence of 
orbits with unbounded energy in generic periodic perturbations by a potential 
of generic geodesic flows of Commun. Math. Phys. 209, 353 - 392 (2000); 

Delshams, A. Gidea, M. de la Llave, R. Seara, T. Geometric approaches to 
the problem of instability in Hamiltonian systems. An informal presentation. 
In Hamiltonian dynamical systems and applications (Eds. W. Craig), Springer, 
2008; 

Ehrenfest, P. and T. The Conceptual Foundations of the Statistical Approach 
in Mechanics. Cornell University Press, Ithaca, 1959; 

Fathi, A. Weak KAM theorem in Lagrangian dynamics, fifth prelimiary edition, 
book preprint; 

Fejoz, J. Guardia, M. Kaloshin, V. Roldan, P. Diffusion along mean motion reso- 
nance in the restricted planar three-body problem arXiv: 11 09.2892 vl [math.DS] 
13 Sep 2011 

Fermi, E. Dimonstrazione che in generale un sistema mecanico e' quasi ergodico, 
Nuovo Cimento, 25, 267-269, 1923; 

Gallavotti, G. Fermi and Ergodic problem, preprint 2001; 

Gelfreich V., Turaev D. Unbounded Energy Growth in Hamiltonian Systems 
with a Slowly Varying Parameter, Comm. Math. Phys. vol. 283, no. 3 (2008) 

769-794; 

Gidea, M. de la Llave. R Topological methods in the large gap problem. Discrete 
and Continuous Dynamical Systems, Vol. 14, 2006. 

Herman, M. Some open problems in dynamics, Proceedings of the International 
Congress of Mathematicians, Vol. II (Berlin, 1998). Doc. Math. 199p8, Extra 
Vol. II, 797-808; 

Hirsch, M. W. Pugh, C. C. and Shub, M. Invariant manifolds. Lecture Notes in 
Mathematics, Vol. 583. Springer- Verlag, Berlin, 1977; 



205 



[42] Kaloshin, V. Geometric proofs of Mather connecting and accelerating theorems, 
Topics in Dynamics and Ergodic Theory (eds. S. Bezuglyi and S. Kolyada), 
London Mathematical Society, Lecture Notes Series, Cambridge University Press, 
2003, 81106; 

[43] Kaloshin, V. Levi, M. and M. Saprykina. Arnold diffusion for a pendulum lattice. 
Preprint, 22pp, 2011. 

[44] Kaloshin, V. Mather, J. Valdinoci, E. Instability of totally eUiptic points of sym- 
plectic maps in dimension 4, Analyse complexe, systmcs dynamiques, sommabilit 
des sries divergentes et thories galoisiennes. II. Asterisque, no. 297, (2004), 79- 
116, 

[45] Kaloshin. V. Saprykina, M. An example of a nearly integrablc Hamiltonian 
system with a trajectory dense in a set of almost maximal Hausdorff dimension. 
Communications in mathematical physics, to appear. 

[46] Kaloshin, V. Zhang, K. Zheng, Y. Almost dense orbit on energy surface. Pro- 
ceedings of the XVIth ICMP, Prague, World Scientific, 2010, 314-322; 

[47] Kaloshin, V. Zhang, K. Normally hyperbolic invariant manifolds near strong 
double resonance arXiv:1202.1032vl [math.DS] 6 Feb 2012, 44pp. 

[48] Katznelson, Y. Ornstein, D. Twist maps and Aubry-Mather sets. Lipa's legacy, 
Contemp. Math., Amer. Math. Soc, Providence, RI, 211 (1997), 343-357. 

[49] Marco, J.-P. Generic hyperbohc properties of classical systems on the torus T^. 
Preprint, 2012. 

[50] Marco, J.-P. Generic hyperbolic properties of nearly integrable systems on A3, 
Preprint, 2012. 

[51] Mather, J and Forni, G. Action minimizing orbits in Hamiltonian systems. 
Transition to chaos in classical and quantum mechanics (Montecatini Terme, 
1991), 92-186, Lecture Notes in Math., 1589, Springer, Berhn, 1994; 

[52] Mather, J. Variational construction of orbits of twist diffeomorphisms. J. Amer. 
Math. Soc. 4 (1991), no. 2, 207-263; 

[53] Mather, J. Action minimizing invariant measures for positive definite Lagrangian 
systems. Math. Z. 207 (1991), 169-207; 

[54] Mather, J. Variational construction of connecting orbits, Ann. Inst. Fourier, 43 
(1993), 1349-1386; 



206 



[55] Mather, J. Variational construction of trajectories for time periodic Lagrangian 
systems on the two torus, preprint 1996, unpubhshed; 

[56] Mather, J. Total Disconnectness of the Quotient Aubry Set in Low Dimensions, 
Comm. Pure and Appl. Math., 56, 2003, 1178-1183; 

[57] Mather, J. Arnold diffusion. 1. Announcement of results. (Russian) Sovrcm. 
Mat. Fundam. Napravl. 2 (2003), 116-130 (electronic); translation in J. Math. 
Sci. (N. Y.) 124 (2004), no. 5, 5275-5289; 

[58] Mather, J. Examples of Aubry Sets, Ergodic Theory and Dynamical Systems, 
24, 2004, 1667-1723. 

[59] Mather, J. Order structure on action minimizing orbits Symplcctic Topology and 
Measure Preserving Dynamical Systems (Proc. AMS-IMS-SIAM Joint Summer 
Research Conference July 1-5, 2007) Contemporary Mathematics, 512, 41-125; 

[60] Mather, J. Arnold diffusion II, preprint, 2008, 183 pp.; 

[61] Mather, J. Shortest curves associated to a degenerate Jacobi metric on T^. 
Progress in variational methods, 126168, Nankai Ser. Pure Appl. Math. Theoret. 
Phys., 7, World Sci. Publ., Hackensack, NJ, 2011. 

[62] Mather, J. personal communication. 

[63] McGehee, R The stable manifold theorem via an isolating block. In Symposium 
on Ordinary Differential Equations (Univ. Minnesota, Minneapolis, Minn., 1972; 
dedicated to Hugh L. Turrittin), pages 135-144. Lecture Notes in Math., Vol. 312. 
Springer, Berlin, 1973. 

[64] Moeckel, R. Transition tori in the five-body problem, J. Diff. Equations 129, 
1996, 290-314. 

[65] Neishtadt, A. I. Estimates in the Kolmogorov theorem on conservation of condi- 
tionally periodic motions. Prikl. Matem. Mekhanika 45, No. 6 1016-1025, 1981. 

[66] Oliveira, E. R. Generic properties of Lagrangians on surfaces: the Kupka-Smale 
theorem. Discrete Contin. Dyn. Syst., 21(2):551-569, 2008. 

[67] Rifford, L. Ruggiero, R. O. Generic Properties of Closed Orbits of Hamiltonian 
Flows from Manes Viewpoint. International Mathematics Research Notices, Dec. 
2011. 



207 



[68] Robinson, C. Generic properties of concervative systems, American Journal of 
Mathematics i Vol. 92, No. 3, Jul, 1970 

[69] Salamon, D.A. Zehnder, E. KAM theory in configuration space. Comm. Math. 
Helv. 64 (1989), 84-132. 

[70] Shil'nikov, L. P. On a Poincare-Birkhoff problem. Mathematics of the USSR- 
Sbornik, 3(3):353, 1967. 

[71] Shil'nikov, L. P. Turaev D.V. Hamiltonian systems with homoclinic saddle 
curves. Dokl. Akad. Nauk SSSR, 304(4):811-814, 1989. 

[72] Siegel, C. L. Moser, J. K. Lectures on Celestial Mechanics. Springer- Verlag 
Berlin Heidelberg New York, 1995. 

[73] Treschev, D. Multidimensional symplectic separatrix maps, J. Nonlinear Sci. 12, 
(2002), no. 1, 27-58; 

[74] Treschev, D. Evolution of slow variables in a priori unstable Hamiltonian systems. 
Nonlinearity 17 (2004), no. 5, 1803-1841. 

[75] Treschev, D Arnold diffusion far from strong resonances in multidimensional a 
priori unstable Hamiltonian systems Nonlinearity 25, no 9, 42 pp. 

[76] Zhang, K. Speed of Arnold diffusion for analytic Hamiltonian systems, Inven- 
tiones Mathematicae, 186(2011), 255-290. 

[77] Zheng, Y. Arnold diffusion for a-priori unstable systems and a five-body problem, 
prerpint, 2009, 51pp. 



208 



